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We construct supersymmetric field theories on Riemannian three-manifolds M, focusing
on N = 2 theories with a U(1)R symmetry. Our approach is based on the rigid limit of
new minimal supergravity in three dimensions, which couples to the flat-space supermul-
tiplet containing the R-current and the energy-momentum tensor. The field theory onM
possesses a single supercharge if and only ifM admits an almost contact metric structure
that satisfies a certain integrability condition. This may lead to global restrictions on M,
even though we can always construct one supercharge on any given patch. We also analyze
the conditions for the presence of additional supercharges. In particular, two supercharges
of opposite R-charge exist on every Seifert manifold. We present general supersymmetric
Lagrangians on M and discuss their flat-space limit, which can be analyzed using the R-
current supermultiplet. As an application, we show how the flat-space two-point function
of the energy-momentum tensor in N = 2 superconformal theories can be calculated using
localization on a squashed sphere.
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1. Introduction
In this paper, we construct supersymmetric quantum field theories on Riemannian
three-manifolds M, focusing on three-dimensional N = 2 theories with a U(1)R symme-
try. We can place any such theory on M by minimally coupling it to the metric, but
the resulting theory generally does not possess any rigid supersymmetry. Under certain
conditions it is possible to add non-minimal couplings, such that the deformed theory is
invariant under one or several rigid supercharges, which are also suitably deformed. We
will analyze the conditions for M to admit one or several rigid supercharges, and explain
how to write supersymmetric Lagrangians on M.
Following [1-4], much work has focused on supersymmetric theories on round and
squashed spheres [5-13].1 Some more general geometries were recently considered in [23-29].
A systematic approach to this subject was initiated in [30], using background supergravity.
If an off-shell formulation of dynamical supergravity is available, we can couple it to the
field theory of interest and take a rigid limit by appropriately sending the Planck mass to
infinity. This decouples the fluctuations of the supergravity fields and allows us to freeze
them in arbitrary background configurations.2
The supergravity multiplet generally contains the metric gµν , the gravitino ψµα, and
various auxiliary fields. A crucial feature of the rigid limit is that we do not eliminate
these auxiliary fields by imposing their equations of motion. If there are supergravity
transformations that leave a given background invariant, they give rise to a rigid super-
charge of the field theory on this background. This formalism has recently been used
to classify supersymmetric backgrounds for N = 1 theories in four dimensions [26-28].
In three-dimensional N = 2 theories with a U(1)R symmetry, it has led to a proof of
the F -maximization principle (originally conjectured in [3,32]), the discovery of a novel
superconformal anomaly, and the definition and exact computation of several previously
inaccessible observables [33,34].
The rigid limit introduced in [30] allows a clean separation between the supergravity
background fields and the dynamical matter fields:
1.) The supergravity sector determines the allowed supersymmetric backgrounds and the
corresponding supersymmetry algebras. A given supergravity transformation δ gives
1 For related work in two and five dimensions, see [14-16] and [17-20], respectively. Lorentzian
spacetimes with rigid supersymmetry were studied in [21,22].
2 For an approach based on on-shell supergravity, see [31].
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rise to a rigid supercharge if and only if the background is such that both ψµα and δψµα
vanish. The rigid supersymmetry algebra immediately follows from the algebra of
supergravity transformations. This part of the analysis does not depend on the details
of the matter sector.
2.) The supersymmetry transformations of the matter fields and the corresponding su-
persymmetric matter Lagrangians do not depend on the details of a given supersym-
metric background. They are obtained from the supergravity transformations and
Lagrangians by taking the rigid limit. We can also take the rigid limit of purely
gravitational terms in the Lagrangian, which reduce to pure numbers in a given back-
ground. Such terms correspond to contact terms in correlation functions of operators
in the field theory and played a crucial role in [33,34].
The separation of the two sectors represents a significant simplification over approaches
that consider specific manifolds with fixed metrics and derive the supersymmetry trans-
formations and the corresponding Lagrangians on a case-by-case basis.
At the linearized level, a supersymmetric field theory couples to supergravity through
its supercurrent multiplet, which contains the energy-momentum tensor and the super-
symmetry current, as well as other operators. The structure of supercurrents in three-
dimensional N = 2 theories was analyzed in [35]. (They are closely related to supercur-
rents in four-dimensional N = 1 theories [36,35].) Theories with a U(1)R symmetry admit
a supercurrent Rµ, whose bottom component is the conserved R-current.
Different supercurrent multiplets give rise to different off-shell formulations of super-
gravity, which in turn lead to different rigid limits. These rigid limits need not give rise to
the same set of supersymmetric manifoldsM, even if the original supergravity theories were
equivalent on-shell. In this paper, we are interested in three-dimensional N = 2 theories
with a U(1)R symmetry, and hence we need the rigid limit of the three-dimensional super-
gravity that couples to the R-multiplet. By analogy with the four-dimensional case [37,38],
we refer to this theory as new minimal supergravity. While it has recently been studied
in superspace [39-42], a fully non-linear component formulation of three-dimensional new
minimal supergravity is not readily available. (However, see the early work [43-46], as
well as [47].) Therefore, the corresponding rigid limit cannot be obtained as an immediate
consequence of known results.
In this paper, we will nevertheless obtain most of the rigid limit without working out
the full non-linear supergravity, by relying on input from linearized supergravity and the
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reduction of four-dimensional new minimal supergravity. In particular, we will obtain the
equations that govern supersymmetric backgrounds, as well as the supersymmetry algebra,
transformation laws, and Lagrangians for the matter fields. However, we will not derive
the rigid limit of pure supergravity terms. (Such terms were analyzed in [33,34] and will
make a brief appearance in section 8.)
At the linearized level, new minimal supergravity in three dimensions was recently
studied in [40,33,34]. In addition to the metric gµν , the theory contains two gravitini ψµα
and ψ˜µα,
3 two Abelian gauge fields Aµ and Cµ, and a two-form gauge field Bµν . We will
often use the dual field strengths
V µ = −iεµνρ∂νCρ , ∇µV µ = 0 ,
H =
i
2
εµνρ∂µBνρ .
(1.1)
All of these fields couple to operators in the R-multiplet of the field theory. In particular,
the gauge field Aµ couples to the U(1)R current, which leads to invariance under local R-
transformations, and the gauge field Cµ couples to the current that gives rise to the central
charge Z in the conventional flat-space N = 2 supersymmetry algebra,
{Qα, Q˜β} = 2γµαβPµ + 2iεαβZ ,
{Qα, Qβ} = 0 , {Q˜α, Q˜β} = 0 .
(1.2)
Here Qα and Q˜α have R-charge −1 and +1, respectively.
In section 2 we review the three-dimensional R-multiplet and its coupling to linearized
new minimal supergravity. We study the variations of the gravitini at the linearized level
and argue that they completely determine the corresponding variations in the full non-
linear theory, up to terms that vanish in the rigid limit:
δψµ = 2 (∇µ − iAµ) ζ +Hγµζ + 2iVµζ + εµνρV νγρζ + · · · ,
δψ˜µ = 2 (∇µ + iAµ) ζ˜ +Hγµζ˜ − 2iVµζ˜ − εµνρV νγρζ˜ + · · · .
(1.3)
Here ζ and ζ˜ are spinors parameterizing the supergravity transformation. They carry R-
charge +1 and −1, respectively. The ellipses in (1.3) denote terms that vanish when the
3 In three Euclidean dimensions, the Lorentz group is SU(2). Therefore, all spinors are complex
and carry undotted indices. In Lorentzian signature, the gravitini ψµα and ψ˜µα are related by
complex conjugation, but here they are independent complex spinors. See appendix A for a
summary of our conventions.
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gravitini are set to zero. In Euclidean signature, ζ and ζ˜ are independent complex spinors
and we allow the background fields Aµ, Vµ, H to be complex. However, we will always
take the metric gµν to be real. A given configuration of the supergravity background fields
preserves rigid supersymmetry if and only if ψµ, ψ˜µ, and both variations in (1.3) vanish for
some choice of ζ and ζ˜. Moreover, we can always consider variations of definite R-charge.
Therefore, a rigid supercharge δζ of R-charge −1 corresponds to a solution ζ of
(∇µ − iAµ) ζ = −1
2
Hγµζ − iVµζ − 1
2
εµνρV
νγρζ , (1.4)
while a rigid supercharge δ
ζ˜
of R-charge +1 corresponds to a solution ζ˜ of
(∇µ + iAµ) ζ˜ = −1
2
Hγµζ˜ + iVµζ˜ +
1
2
εµνρV
νγρζ˜ . (1.5)
These equations will allow us to determine which three-manifolds M admit rigid super-
symmetry. We will refer to (1.4) and (1.5) as Killing spinor equations. Similar equations
were previously obtained in [46,26].
In section 3 we begin our analysis of Riemannian three-manifolds M that admit so-
lutions of (1.4) or (1.5). (This problem was also studied in [26].) We analyze general
properties of such solutions and use them to construct various useful spinor bilinears. In
particular, we show that a solution ζ of (1.4) naturally defines an almost contact metric
structure (ACMS) on M, and similarly for a solution ζ˜ of (1.5). Such a structure con-
stitutes an odd-dimensional analogue of an almost Hermitian structure. (The basic prop-
erties of ACMS’s are reviewed in appendix B.) Since the Killing spinor equations (1.4)
and (1.5) are partial differential equations, they only admit solutions if the background
fields gµν , Aµ, Vµ, H satisfy certain integrability conditions. Moreover, there may be global
obstructions. We would like to formulate necessary and sufficient conditions for the exis-
tence of one or several solutions.
In section 4 we show thatM admits one solution ζ of (1.4) if and only if the ACMS de-
fined by ζ satisfies a certain integrability condition. This integrability condition endowsM
with a three-dimensional analogue of an integrable complex structure.4 The existence of
such a structure represents a global restriction on M. (See appendix B for additional
details.) The supercharge corresponding to ζ transforms as a scalar on M.
4 This structure has been studied in the mathematical literature, where it is known as a
transversely holomorphic foliation (see [48] for details and references). We are grateful to Maxim
Kontsevich for pointing this out to us.
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In section 5 we analyze manifolds admitting multiple solutions of (1.4) and (1.5). Two
solutions ζ and ζ˜ of opposite R-charge exist on any circle bundle over a Riemann surface,
i.e. a Seifert manifold. In this case Kµ∂µ = ζγ
µζ˜∂µ = ∂ψ is a real Killing vector and the
metric is given by
ds2 = Ω(z, z)2 (dψ + a(z, z)dz + a(z, z)dz)
2
+ c(z, z)2dzdz . (1.6)
We must distinguish two cases: If Kµ points along the circle fibers, it has closed orbits.
In this case z in (1.6) is a holomorphic coordinate on the Riemann surface. However,
if the orbits of Kµ are not closed, then it must have a component along the Riemann
surface. In this case the manifold must admit at least a U(1)× U(1) isometry, one along
the circle fibers and one along the base. All previously known backgrounds that preserve
two supercharges of opposite R-charge with real Kµ, such as [6,11], can be understood
in this way. We also analyze solutions with four supercharges. In particular, we explain
how the round S3 of [2-4], the S2 × S1 of [5], and the squashed S3 of [9,10] arise in our
formalism.
In section 6 we develop the necessary tools to write supersymmetric Lagrangians on
manifolds that admit solutions to the Killing spinor equations. We discuss the general
form of the rigid supersymmetry algebra and its multiplets. This enables us to construct
Lagrangians for gauge and matter fields.
In section 7 we expand the supersymmetric background fields of section 4 and the
supersymmetric Lagrangians of section 6 around flat space, where they can be analyzed
using the R-multiplet. We find that the first-order deformation of the Lagrangian around
flat space is Q-exact and comment on the relevance of this observation for the parameter
dependence of supersymmetric partition functions.
In section 8 we demonstrate the utility of our formalism by relating the flat-space
two-point function of the R-current and the energy-momentum tensor in an N = 2 super-
conformal field theory (SCFT) to the partition function of the same theory on the squashed
three-sphere of [9,10]. This enables us to compute these two-point functions exactly us-
ing localization. (The two-point functions of flavor currents can be extracted from the
partition function on a round three-sphere [33].)
Our conventions are summarized in appendix A. In appendix B, we collect some basic
facts about almost contact structures and analyze the integrability condition introduced in
section 4. Appendix C reviews the rigid limit of four-dimensional new minimal supergrav-
ity. In appendix D, we derive the three-dimensional supersymmetry algebra and superfield
transformation laws discussed in section 6 by a twisted dimensional reduction from four
dimensions.
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2. The R-Multiplet and New Minimal Supergravity
In this section we review the R-multiplet – the supercurrent multiplet of three-
dimensional N = 2 theories with a U(1)R symmetry – and its coupling to linearized
new minimal supergravity. (See [35,34] for a thorough discussion.) This will enable us to
derive the Killing spinor equations (1.4) and (1.5).
2.1. The R-Multiplet
Whenever a three-dimensional N = 2 theory possesses a U(1)R symmetry, the con-
served R-current j
(R)
µ resides in a supercurrent multiplet Rµ, together with the supersym-
metry currents Sµα, S˜µα and the energy-momentum tensor Tµν , as well as various other
operators. The superfield Rµ satisfies
D˜βRαβ = −4iD˜αJ (Z) , DβRαβ = 4iDαJ (Z) ,
D2J (Z) = D˜2J (Z) = 0 .
(2.1)
Here Rαβ = −2γµαβRµ is the symmetric bi-spinor corresponding to Rµ. Note that J (Z) is
a real linear multiplet. In components,
Rµ = j(R)µ − iθSµ − iθ˜S˜µ − (θγν θ˜)
(
2Tµν + iεµνρ∂
ρJ (Z)
)
− iθθ˜(2j(Z)µ + iεµνρ∂νj(R)ρ)+ · · · ,
J (Z) = J (Z) − 1
2
θγµSµ +
1
2
θ˜γµS˜µ + iθθ˜ T
µ
µ − (θγµθ˜)j(Z)µ + · · · ,
(2.2)
where the ellipses denote terms that are determined by the lower components. The su-
perfield J (Z) contains a conserved current j(Z)µ of dimension three, which gives rise to
the central charge Z in the flat space supersymmetry algebra (1.2). The scalar J (Z) is
associated with a conserved string current iεµνρ∂
ρJ (Z).
If the theory possesses Abelian flavor symmetries, the R-multiplet is not unique. It
can be changed by an improvement transformation,
R′αβ = Rαβ −
1
2
(
[Dα, D˜β] + [Dβ, D˜α]
)J ,
J ′(Z) = J (Z) − i
2
D˜DJ ,
(2.3)
where J is a real linear multiplet, D2J = D˜2J = 0. In this case the Abelian flavor
current residing in J mixes with the R-current. In a superconformal theory, there exists
a preferred R-multiplet, for which the real linear multiplet J (Z) in (2.1) vanishes. (More
precisely, the operators in J (Z) become redundant.) The corresponding U(1)R symmetry
belongs to the N = 2 superconformal algebra.
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2.2. Linearized New Minimal Supergravity
At the linearized level, the R-multiplet couples to the metric superfield Hµ,
δL = 2
∫
d4θRµHµ . (2.4)
This term is manifestly invariant under ordinary flat-space supersymmetry transforma-
tions with arbitrary constant spinor parameters ζ, ζ˜. The linearized supergravity gauge
transformations are embedded in superfields Lα, L˜α and the metric superfield transforms
as follows:
δHαβ = 1
2
(
DαL˜β − D˜βLα
)
+ (α↔ β) . (2.5)
In order for (2.4) to be gauge invariant, we must impose the constraint
DαD˜2Lα + D˜
αD2L˜α = 0 . (2.6)
We can use (2.5) to partially fix a Wess-Zumino gauge, in which the metric superfield is
given by
Hµ = 1
2
(θγν θ˜) (hµν +Bµν)− i
2
θθ˜ Cµ − i
2
θ2θ˜ψ˜µ +
i
2
θ˜ 2θψµ +
1
2
θ2θ˜ 2 (Aµ − Vµ) , (2.7)
where V µ = −iεµνρ∂νCρ. Note that hµν , Bµν , Cµ, Aµ have vanishing R-charge, while
the R-charges of ψµ and ψ˜µ are +1 and −1, respectively. In conformal supergravity,
the R-multiplet reduces to a smaller supercurrent with J (Z) = 0. Consequently, the
metric superfield Hµ enjoys more gauge freedom (the constraint (2.6) is absent), which
allows us to set Aµ − 12Vµ and H to zero. The combination Aµ − 32Vµ remains.
The residual gauge transformations that preserve the form of Hµ in (2.7) take the
form
δhµν = ∂µΛ
(h)
ν + ∂νΛ
(h)
µ , δBµν = ∂µΛ
(B)
ν − ∂νΛ(B)µ ,
δCµ = ∂µΛ
(C) , δAµ = ∂µΛ
(A) ,
δψµα = ∂µεα , δψ˜µα = ∂µε˜α .
(2.8)
This identifies hµν as the linearized metric, which we normalize so that gµν = δµν + 2hµν ,
Bµν as a two-form gauge field, Cµ and Aµ as Abelian gauge fields, and ψµα, ψ˜µα as the
gravitini. We will often use the gauge-invariant dual field strengths
V µ = −iεµνρ∂νCρ , ∂µV µ = 0 ,
H =
i
2
εµνρ∂µBνρ .
(2.9)
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Since we are working in Euclidean signature, the superfields Lα, L˜α, and hence the gauge
parameters in (2.8), are complex. In order to retain a sensible geometric description for
the supergravity fields, we will demand that the metric hµν and the gauge parameter Λ
(h)
µ
be real. Although we will generally allow the other supergravity fields to be complex, we
will not allow complexified gauge transformations for Cµ and Aµ. Therefore, we also take
the gauge parameters Λ(C) and Λ(A) to be real.
In Wess-Zumino gauge, the linearized supergravity-matter couplings (2.4) are
δL = −Tµνhµν − 1
2
Sµψ
µ +
1
2
S˜µψ˜
µ + j(R)µ
(
Aµ − 3
2
V µ
)
+ j(Z)µ C
µ + J (Z)H . (2.10)
As usual, the metric hµν couples to the energy-momentum tensor Tµν , and the gravi-
tini ψµ, ψ˜µ couple to the supersymmetry currents Sµ, S˜µ. Since Aµ couples to the R-
current j
(R)
µ , we see that Λ(A)-transformations in (2.8) correspond to localR-transformations.
Similarly, the graviphotonCµ gauges the central charge current j
(Z)
µ and Λ(C)-transformations
in (2.8) correspond to local Z-transformations. The fact that H couples to J (Z) means
that the two-form Bµν gauges the string current iεµνρ∂
ρJ (Z).
Once we fix Wess-Zumino gauge, the form of Hµ in (2.7) is no longer invariant under
conventional flat-space supersymmetry transformations. As usual, this problem can be
circumvented by combining these supersymmetry transformations with a gauge transfor-
mation (2.5) that restores Wess-Zumino gauge. The theory is then invariant under these
new supersymmetry transformations, as well as the residual gauge transformations (2.8).
The supersymmetry transformations of the gravitini are thus given by
δψµ = −iενρλ∂νhρµγλζ − 2i (Aµ − Vµ) ζ +Hγµζ + εµνρV νγρζ + ∂µ(· · ·) ,
δψ˜µ = −iενρλ∂νhρµγλζ˜ + 2i (Aµ − Vµ) ζ˜ +Hγµζ˜ − εµνρV νγρζ˜ + ∂µ(· · ·) .
(2.11)
Here, the ellipses represent terms that can be absorbed using the residual gauge transfor-
mations (2.8). So far, the spinors ζ, ζ˜ in (2.11) are constant and parameterize ordinary
flat-space supersymmetry transformations, while ε, ε˜ in (2.8) are arbitrary functions that
reflect the residual gauge freedom of the gravitini. As we will see below, these parameters
must be identified in the non-linear theory.
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2.3. Variation of the Gravitino
In principle, the linearized analysis of the previous subsection constitutes the starting
point for a systematic development of the full non-linear supergravity theory. Here we will
limit ourselves to explaining why the variation of the gravitini in non-linear supergravity
is given by (1.3).
In order to pass to non-linear supergravity, we make the supersymmetry transfor-
mation parameters ζ, ζ˜ spacetime dependent. Under such a transformation, the La-
grangian L0 of the original flat-space matter theory is no longer invariant. As usual,
its variation is given by
δL0 = S
µ∂µζ − S˜µ∂µζ˜ . (2.12)
Comparing with (2.10), we see that the linearized supergravity-matter couplings enable us
to absorb this variation by a gravitino gauge transformation (2.8) with parameters ε = 2ζ
and ε˜ = 2ζ˜. Therefore, the fact that ζ, ζ˜ are spacetime dependent requires us to combine
supersymmetry transformations with the residual gauge freedom of the gravitini, so that
δψµ = 2
(
∂µζ − i
2
ενρλ∂νhρµγλζ
)− 2iAµζ + 2iVµζ +Hγµζ + εµνρV νγρζ ,
δψ˜µ = 2
(
∂µζ˜ − i
2
ενρλ∂νhρµγλζ˜
)
+ 2iAµζ˜ − 2iVµζ˜ +Hγµζ˜ − εµνρV νγρζ˜ .
(2.13)
Note that the terms in parentheses are the linearized covariant derivatives ∇µζ and ∇µζ˜.
The transformation laws (2.13) are valid at leading order in an expansion around flat
space. The terms that arise at higher orders are of two kinds:
1.) Terms that are needed to render (2.13) fully covariant.
2.) Additional covariant terms not present in (2.13).
The terms of the first kind have the effect or replacing the terms in parentheses with ∇µζ
and ∇µζ˜, as well as covariantizing the definition of V µ in (2.9), so that ∇µV µ = 0. In
order to constrain the terms of the second kind, we use dimensional analysis, as well as the
covariance of the full non-linear theory under diffeomorphisms and localR-transformations.
The relevant scaling dimensions are given by
[ψµ] = [ψ˜µ] =
1
2
, [ζ] = [ζ˜] = −1
2
, [gµν ] = 0 , [Aµ] = [Vµ] = [H] = 1 . (2.14)
Since all terms in δψµ, δψ˜µ must be proportional to ζ, ζ˜, they can contain at most one
spacetime derivative, one power of Aµ, Vµ, H, or a gravitino bilinear. Therefore, the only
9
possible terms of the second kind are proportional to the gravitini, and hence the trans-
formation laws in the full non-linear theory must take the form in (1.3),
δψµ = 2 (∇µ − iAµ) ζ +Hγµζ + 2iVµζ + εµνρV νγρζ + · · · ,
δψ˜µ = 2 (∇µ + iAµ) ζ˜ +Hγµζ˜ − 2iVµζ˜ − εµνρV νγρζ˜ + · · · ,
(2.15)
where the ellipses denote terms proportional to ψµ or ψ˜µ. Such terms are absent in the
rigid limit. Thus, we have determined all relevant terms in the gravitino variations from
linearized supergravity. It is also possible to derive these variations by dimensionally
reducing the known gravitino variations in four-dimensional new minimal supergravity.
This is explained in appendix D.
3. General Properties of the Killing Spinor Equations
As explained in the introduction, a given set of supergravity background fields pre-
serves rigid supersymmetry if and only if it is possible to find solutions ζ or ζ˜ of the Killing
spinor equations (1.4) or (1.5),
(∇µ − iAµ) ζ = −1
2
Hγµζ − iVµζ − 1
2
εµνρV
νγρζ ,
(∇µ + iAµ) ζ˜ = −1
2
Hγµζ˜ + iVµζ˜ +
1
2
εµνρV
νγρζ˜ .
(3.1)
Note that the second equation can be obtained from the first one by substituting
ζ → ζ˜ , Aµ → −Aµ , Vµ → −Vµ , H → H . (3.2)
In this section we begin our analysis of the equations (3.1). We will study them on a
smooth, oriented, connected three-manifoldM, which is endowed with a Riemannian met-
ric gµν . The background fields Aµ, Vµ, H are generally complex, and the dual graviphoton
field strength V µ is covariantly conserved, ∇µV µ = 0. Since the Killing spinor equations
only depend on the graviphoton through V µ, they only determine it up to a flat connection.
The spinors ζ and ζ˜ transform as doublets under local SU(2) frame rotations, and
they carry R-charge +1 and −1, respectively. We will only consider conventional R-
transformations, so that the real part ReAµ transforms as a U(1)R connection, while the
imaginary part ImAµ is a well-defined one-form. If we denote by L the line bundle of
local U(1)R transformations and by S the spin bundle, then ζ and ζ˜ are sections of L⊗ S
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and L−1 ⊗ S, respectively. If we fix a spin structure on M, the bundles L and S are well
defined, but our discussion only requires a spinc structure, which exists on every orientable
three-manifold. Then only the product bundles L⊗ S and L−1 ⊗ S are well defined.
The equations (3.1) are linear, homogenous, and first-order, with smooth coefficients.
Therefore, the solutions have the structure of a complex vector space, which decomposes
into solutions ζ of R-charge +1 and solutions ζ˜ of R-charge −1. Importantly, any non-
trivial solution is nowhere vanishing onM.5 This implies that every solution is determined
by its value at a single point, and hence there are at most two independent solutions of R-
charge +1 and two independent solutions of R-charge −1.
In order to analyze the conditions under which the equations (3.1) admit one or several
solutions, it is convenient to use these solutions to construct spinor bilinears. Here we will
study such bilinears at a point, making use of Fierz identities but not of the equations (3.1).
Given a non-zero spinor ζ ∈ L⊗ S, we can define its norm |ζ|2, which is positive, and
a real, non-vanishing one-form
ηµ =
1
|ζ|2 ζ
†γµζ , (3.3)
which satisfies
ηµηµ = 1 . (3.4)
We can use ηµ to define a tensor
Φµν = ε
µ
νρη
ρ , (3.5)
which leads to the following identity:
ΦµρΦ
ρ
ν = −δµν + ηµην . (3.6)
These formulas imply that ηµ defines an almost contact metric structure (ACMS) on M.
Here we will only summarize its essential properties. A more detailed discussion can be
found in appendix B.
An ACMS is the odd-dimensional analogue of an almost Hermitian structure. In three
dimensions, it is equivalent to a reduction of the tangent bundle structure group to U(1).
5 To see this, assume that ζ(x0) = 0 for some point x0 ∈ M. We can connect any other
point x1 ∈M to x0 by a smooth curve x(s), along which (3.1) reduces to an ordinary differential
equation of the form d
ds
ζ(x(s)) = M(s)ζ(x(s)), for some smooth matrix-valued function M(s).
The fact that ζ(x0) = 0 implies that ζ vanishes everywhere on the curve x(s), and hence at x1.
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It follows from (3.5) that Φµν has rank two and that Φ
µ
νη
ν = 0. A vector Xµ or a one-
form Ωµ is called holomorphic if Φ
µ
νX
ν = iXµ or ΩµΦ
µ
ν = iΩν . (This implies that both
are orthogonal to ηµ.) Their complex conjugates X
µ
and Ωµ are called anti-holomorphic.
Since ηµ is defined in terms of ζ via (3.3), it follows that X
µ is holomorphic if and only
if Xµγµζ = 0,
6 and that ηµγ
µζ = ζ.
We can also use ζ to construct a nowhere vanishing one-form of R-charge 2,
Pµ = ζγµζ , (3.7)
which satisfies
PµΦ
µ
ν = −iPν . (3.8)
Therefore Pµ is an anti-holomorphic one-form.
We can repeat the preceding discussion for a nowhere vanishing spinor ζ˜ ∈ L−1 ⊗ S.
This gives rise to a nowhere vanishing one-form η˜µ =
1
|ζ˜|2
ζ˜†γµζ˜, which defines an ACMS
and a nowhere vanishing one-form P˜µ = ζ˜γµζ˜ of R-charge −2 that is anti-holomorphic
with respect to this ACMS.
4. Manifolds Admitting One Supercharge
In this section we establish necessary and sufficient conditions for the existence of a
solution ζ of the Killing spinor equation (1.4),
(∇µ − iAµ) ζ = −1
2
Hγµζ − iVµζ − 1
2
εµνρV
νγρζ . (4.1)
The presence of a solution imposes a certain integrability condition on the ACMS defined in
the previous section. Conversely, a solution exists whenever M admits such an integrable
ACMS. The corresponding results for a solution ζ˜ of (1.5) are easily obtained using (3.2).
6 If Xµ is holomorphic, then ζ†γµγνζX
ν = 0. Multiplying by X
µ
, we find that |Xνγνζ|
2 = 0,
so that Xνγνζ = 0. Conversely, if X
νγνζ = 0 we can multiply by ζ
†γµ to obtain ΦµνX
ν = iXµ.
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4.1. Restrictions Imposed by ζ
In (3.3) and (3.7) we used ζ to construct two nowhere vanishing bilinears ηµ and Pµ,
and we saw that ηµ and Φ
µ
ν = ε
µ
νρη
ρ define an ACMS on M. Here we will use the fact
that ζ satisfies the Killing spinor equation (4.1) to study the derivatives of these bilinears.
This leads to an integrability condition for the ACMS defined by ηµ. It also allows us to
constrain the background fields Aµ, Vµ, H, although it does not determine them completely.
This is because the equation (4.1) remains invariant under the following shifts:
V µ → V µ + Uµ + κηµ,
H → H + iκ ,
Aµ → Aµ + 3
2
(Uµ + κηµ) ,
(4.2)
where the complex scalar κ and the vector Uµ must satisfy
ΦµνU
ν = iUµ , ∇µ(Uµ + κηµ) = 0 . (4.3)
The solution ζ completely determines the background fields up to these shifts.
First, we use (4.1) to compute the derivative of ηµ,
∇µην = 1
2
(
H +H
)
(ηµην − gµν) + i
2
(
H −H)Φµν + i
2
gµνηρ
(
V ρ − V ρ)
− i
2
ηµ
(
Vν − V ν
)
+
1
2
Φµνηρ
(
V ρ + V
ρ)
+
1
2
ηµΦνρ
(
V ρ + V
ρ)
.
(4.4)
This fixes V µ and H, up to the shifts in (4.2),
V µ = εµνρ∂νηρ , H = −1
2
∇µηµ + i
2
εµνρηµ∂νηρ . (4.5)
Substituting back into (4.4), we find that ην must satisfy the integrability condition
∇µην +∇νηµ = (gµν − ηµην)∇ρηρ + ηµηρ∇ρην + ηνηρ∇ρηµ . (4.6)
This condition can be succinctly written in terms of Φµν ,
Φµν (LηΦνρ) = 0 . (4.7)
Here Lη is the Lie derivative along ηµ (see appendix A). A similar analysis in [26] found
the integrability condition εµνρPµ∂νPρ = 0, which is locally equivalent to (4.6).
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The integrability condition (4.7) is analyzed in appendix B. It is equivalent to a
covering of M by adapted coordinate charts (τ, z, z), with real τ and complex z, which
satisfy the following properties:
1.) Two overlapping adapted charts (τ, z, z) and (τ ′, z′, z′) are related by
τ ′ = τ + t(z, z) , z′ = f(z) , (4.8)
where t(z, z) is real and f(z) is holomorphic.
2.) In an adapted chart (τ, z, z), the vector ηµ is given by
ηµ∂µ = ∂τ . (4.9)
3.) In an adapted chart (τ, z, z), a holomorphic one-form Ωµ is given by
Ωµdx
µ = ω(τ, z, z)dz . (4.10)
Changing adapted coordinates as in (4.8) leads to the transformation law
ω′(τ ′, z′, z′) =
1
f ′(z)
ω(τ, z, z) . (4.11)
The line bundle K of holomorphic one-forms thus has holomorphic transition functions.
4.) In an adapted chart (τ, z, z), the metric takes the form
ds2 =
(
dτ + h(τ, z, z)dz + h(τ, z, z)dz
)2
+ c(τ, z, z)2dzdz , (4.12)
where h(τ, z, z) and c(τ, z, z) are complex and real, respectively.
These properties suggest that an ACMS that satisfies the integrability condition (4.7) con-
stitutes a natural three-dimensional analogue of an integrable complex structure. Indeed,
such an ACMS is equivalent to a structure known as a transversely holomorphic foliation,
which has been studied in the mathematical literature (see [48] for additional details and
references).
It is convenient to define a connection ∇̂µ that satisfies ∇̂µgνρ = 0 and ∇̂µην = 0.7
This can be accomplished by replacing the usual spin connection ωµνρ by
ω̂µνρ = ωµνρ + ηρ∇µην − ην∇µηρ + 2WµΦνρ , Wµ = −1
4
ηµε
νρλην∂ρηλ . (4.13)
7 Similarly, there are metric-compatible connections in even dimensions that preserve a given
complex structure. Such connections played an important role in [27,28].
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Unless ηµ is covariantly constant, the connection ∇̂µ has torsion (see appendix B). Since
this connection preserves ηµ, and hence the associated ACMS, its holonomy is contained
in U(1). In terms of ∇̂µ, we can rewrite the Killing spinor equation (4.1) as follows:
(∇̂µ − iÂµ)ζ = 0 , Âµ = Aµ − 1
2
(
2δµ
ν − iΦµν
)
Vν +
i
2
ηµH −Wµ . (4.14)
Note that Âµ differs from Aµ by a well-defined one-form and that it is not affected by the
shifts in (4.2). Since the holonomy of ∇̂µ is contained in U(1), we can twist it away by
adjusting Âµ, so that ζ transforms as a scalar on M. Conversely, the twisting procedure
allows us to solve for ζ on any manifold that admits an ACMS satisfying (4.7). We will
return to this point below. (See [27] for a related discussion in four dimensions.)
In order to determine Âµ, and hence Aµ, we consider Pµ = ζγµζ, which has R-charge 2.
Note that Pµ locally determines ζ up to a sign. It follows from (3.8) that Pµ is a nowhere
vanishing section of L2 ⊗ K, where K is the line bundle of anti-holomorphic one-forms.
Therefore, the bundle L2 ⊗ K is trivial, and we can identify L = (K)− 12 , up to a trivial
line bundle. To make this explicit, we work in an adapted chart (τ, z, z) and define p = Pz
as in (4.10). If we define
s =
1√
2
pg−
1
4 , (4.15)
then s transforms by a phase under under a change (4.8) of adapted coordinates,
s′
(
τ ′, z′, z′
)
=
(
f ′(z)
f
′
(z)
) 1
2
s
(
τ, z, z
)
. (4.16)
Locally, these phase rotations can be compensated by appropriate R-transformations. Un-
der these combined transformations s is a scalar. As we will see in the next subsection,
this scalar determines the solution ζ.
We will now solve for Âµ in terms of s. It follows from (4.14) that(∇̂µ − 2iÂµ)p = 0 , (4.17)
so that Âµ = − i2∇̂µ log p. In an adapted chart, the metric is given by (4.12), and thus
∇̂τs = ∂τs ,
∇̂zs = ∂zs+ s
4
(
∂z − ηz∂τ
)
log g ,
∇̂zs = ∂zs− s
4
(
∂z − ηz∂τ
)
log g .
(4.18)
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Using (4.15), we therefore find that Âµ is given by
Âµ =
1
8
Φµ
ν∂ν log g − i
2
∂µ log s . (4.19)
Note that this expression is only valid in an adapted chart and does not transform co-
variantly under arbitrary coordinate changes.8 However, under a change (4.8) of adapted
coordinates, the real part of Âµ transforms like a U(1) gauge field, while its imaginary
part is invariant.
4.2. Solving for ζ
We will now solve the Killing spinor equation (4.1) on every thee-manifold M that
admits an ACMS satisfying the integrability condition (4.7). Up to the shifts (4.2), the
background fields Vµ, H are given by (4.5), while Aµ is given by (4.14) and (4.19).
In order to write down the solution, we work in adapted coordinates (τ, z, z), so that
the metric is given by (4.12), and we use an orthonormal frame e1, e2, e2 defined by9
e1 = η , e2 − ie3 = c (τ, z, z) dz , e2 + ie3 = c (τ, z, z) dz . (4.20)
In this frame, the solution ζ takes the form
ζα =
√
s (τ, z, z)
(
1
0
)
, (4.21)
where s is the same nowhere vanishing function as in (4.15). Since s transforms as a scalar
under changes of adapted coordinates followed by an appropriate R-transformation, we see
that ζ also transforms as a scalar. Therefore, it gives rise to a globally well-defined scalar
supercharge on M.
5. Manifolds Admitting Multiple Supercharges
In this section we will consider manifolds that admit more than one solution of the
Killing spinor equations (1.4) and (1.5), focusing on two supercharges of opposite R-charge
and four supercharges. (We do not discuss the case of two solutions with equal R-charge.)
The first case was already discussed in [27]. Here we emphasize some important features
that allow us to make contact with the various known squashings of the three-sphere.
8 If we compute the field strength ∂µÂν − ∂νÂµ from (4.19), we obtain a fully covariant
expression. This determines Âµ up to a flat connection.
9 This definition is such that the usual orientation e1 ∧ e2 ∧ e3 corresponds to Φzz = −Φ
z
z = i
(see appendix B).
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5.1. Two Supercharges of Opposite R-Charge
Given solutions ζ of (1.4) and ζ˜ of (1.5), we can define a nowhere vanishing vector
Kµ = ζγµζ˜ . (5.1)
Using the Killing spinor equations, we find that it is a Killing vector,
∇µKν +∇νKµ = 0 . (5.2)
Since Kµ is complex, it may give rise to two independent isometries. This case is very
restrictive, and we do not discuss it here. Instead, we assume that Kµ generates a single
isometry. In this case we can normalize the spinors, so that
ζ˜ =
Ω
|ζ|2 ζ
† , (5.3)
for some positive scalar function Ω. With this normalization Kµ is real. It follows
from (5.3) that Ω2 = KµKµ, so that Ω is invariant under the Killing vector K
µ. The
ACMS’s corresponding to ζ and ζ˜ are now simply related to Kµ,
ηµ = −η˜µ = Ω−1Kµ . (5.4)
Since Kµ is Killing, it follows that the ACMS’s satisfy the integrability condition (4.7).
Since Kµ is a real, nowhere vanishing Killing vector, it is natural to introduce coor-
dinates (ψ, z, z), such that K = ∂ψ. In these coordinates, the metric takes the form
ds2 = Ω2(z, z)
(
dψ + a (z, z) dz + a (z, z) dz
)2
+ c(z, z)2dzdz . (5.5)
It follows from (5.4) that ηµdx
µ = Ω(z, z)
(
dψ + a (z, z) dz + a (z, z) dz
)
. The coordi-
nates (τ, z, z) adapted to ηµ are simply related to (ψ, z, z) via dτ = Ωdψ.
In the previous section, we have seen that a solution ζ fixes the background
fields Aµ, Vµ, H according to (4.5), (4.14), and (4.19), up to shifts (4.2) by κ and U
µ.
Using (3.2), we can similarly obtain the background fields corresponding to ζ˜, up to shifts
by κ˜ and U˜µ. If both solutions are present simultaneously, we must ensure that the corre-
sponding background fields are consistent. Using (5.4), we find that the background fields
are given by the same formulas as before, but the freedom of performing shifts (4.2) is
constrained:
Uµ = U˜µ = 0 , κ = −κ˜ , Kµ∂µκ = 0 . (5.6)
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The fact that κ is invariant along Kµ ensures that Vµ, H are invariant under K
µ, while Aµ
is only invariant up to a (complexified) gauge transformation. (See [27] for a related
discussion in four dimensions.)
Having determined the form of the background fields, we can write down the explicit
solution for ζ and ζ˜ in the adapted frame (4.20),
ζα =
√
s(ψ, z, z)
(
1
0
)
, ζ˜α =
Ω(z, z)√
s(ψ, z, z)
(
0
1
)
. (5.7)
As in the previous subsection, ζ and ζ˜ are globally well-defined solutions on all of M,
and hence two supercharges of opposite R-charge exist on any manifold admitting a real,
nowhere vanishing Killing vector. This covers all previously known examples possessing two
such supercharges with real Kµ. However, there are cases (such as the S2×S1 background
of [5], which preserves four supercharges and is discussed below) in which Kµ is genuinely
complex and leads to two independent real Killing vectors. We have not analyzed such
backgrounds in detail.
It is important to emphasize that the real Killing vector Kµ discussed above need
not descend from a single U(1) isometry of M. When M is compact, we distinguish the
following cases:
1.) If the orbits of Kµ are closed, they give rise to a circle bundle over a Riemann surface,
i.e. a Seifert manifold. For instance, the SU(2)×U(1) invariant squashed sphere of [6]
is of this kind.
2.) If the orbits of Kµ are not closed, the manifold necessarily admits additional isome-
tries. It can be shown that Kµ is a linear combination, with incommensurate coeffi-
cients, of two commuting Killing vectors with compact orbits (see for instance [49]).
In this caseM is still a Seifert manifold, but Kµ no longer points along the fiber. For
example, this occurs on the U(1)× U(1) invariant squashed spheres of [6,11].
5.2. Four Supercharges
Here we study manifolds admitting two independent solutions of (1.4) and two
independent solutions of (1.5). Given any solution ζ of (1.4), we can use the fact
that εµνρ[∇ν ,∇ρ]ζ = i2 (2Rµν −Rgµν)γνζ to obtain the following integrability condition:
i
2
(2Rµν −Rgµν)γνζ − 2iεµνρ∇ν(Aρ − V ρ)ζ
− γνζ(εµνρ(∇ρ + iV ρ)H −∇νVµ − iH2gµν − iVµVν) = 0 . (5.8)
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The corresponding integrability condition for a solution ζ˜ of (1.5) follows from (3.2). In
the presence of four independent supercharges, these integrability conditions imply
∂µH = 0 ,
∂µ(Aν − Vν)− ∂ν(Aµ − Vµ) = 0 ,
∇µVν = −iHεµνρV ρ ,
Rµν = −VµVν + gµν(V ρVρ + 2H2) .
(5.9)
Thus, H is constant, Aµ = Vµ up to a flat connection, and Vµ is a Killing vector of constant
norm v2 = V µVµ.
We will now analyze the various cases that arise as a consequence of the integrability
conditions (5.9):
1.) If Vµ = 0, then Rµν = 2H
2gµν . Since the metric is real, H is either real or purely
imaginary. Therefore, M has constant sectional curvature, and hence it is locally
isometric to S3, T 3, or H3, depending on whether H is purely imaginary, zero, or
real, respectively. When H is purely imaginary, we recover the round S3 of [2-4], see
also [30].
2.) If Vµ 6= 0 but H = 0, then Vµ is covariantly constant. It follows that Vµ, and hence v,
is either real or purely imaginary. Therefore,M is locally isometric to R×Σ, where Vµ
points along R and Σ is a surface of constant curvature R(Σ) = 2v2. Hence, Σ is locally
isometric to S2, T 2, or H2, depending on whether v is purely imaginary, zero, or real,
respectively. As in four dimensions [30], we can choose Aµ = Vµ and compactify R
to S1. When Σ = S2, this background can be used to compute a supersymmetric
index [5].
3.) If both Vµ 6= 0 and H 6= 0, then H is purely imaginary and Vµ is either real or purely
imaginary. The nowhere vanishing Killing vector Vµ then determines a fibration over
a surface Σ with a metric g
(Σ)
µν of constant curvature,
g(Σ)µν = gµν −
1
v2
VµVν , R
(Σ) = 2
(
v2 + 4H2
)
. (5.10)
Therefore, Σ is locally isometric to S2, T 2, or H2:
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3a.) If Σ is isometric to a round S2 of radius r2 , we can introduce coordinates (ψ, θ, φ),
where 0 ≤ θ ≤ pi and φ ∼ φ+2pi are the usual angular coordinates on S2. The metric
and the background fields are then given by
ds2 =
r2
4
(
h2
(
dψ + 2 sin2
θ
2
dφ
)2
+ (dθ2 + sin2 θ dφ2)
)
,
V µ∂µ =
2v
hr
∂ψ , H =
ih
r
, v2 =
4
(
h2 − 1)
r2
, h ∈ R− {0} .
(5.11)
Here ψ is an angular coordinate with periodicity ψ ∼ ψ + 4pi, which parameterizes
a Hopf fibration over S2. This metric describes a squashed three-sphere S3b , which
preserves an SU(2) × U(1) isometry. (In the limit h = ±1, we obtain a round S3 of
radius r.) It is convenient to define a squashing parameter b via
h =
1
2
(
b+
1
b
)
. (5.12)
Supersymmetric theories with four supercharges on S3b were constructed in [9,10]. We
will make use of this supersymmetric background in section 8.
3b.) If Σ is flat, we can introduce coordinates (ψ, ρ, φ), such that ρ ≥ 0 and φ ∼ φ + 2pi
are polar coordinates on Σ. The metric and the background fields are then given by
ds2 =
r2
4
(
h2(dψ +
1
2
ρ2dφ
)2
+ (dρ2 + ρ2dφ2)
)
,
V µ∂µ =
4
r2
∂ψ , H =
ih
r
, v2 =
4h2
r2
, h ∈ R− {0} .
(5.13)
3c.) If Σ is isometric to an H2 of radius r2 , we can use coordinates (ψ, ρ, φ) with ρ ≥ 0
and φ ∼ φ+ 2pi to express the metric and the background fields as follows:
ds2 =
r2
4
(
h2
(
dψ + 2 sinh2
ρ
2
dφ
)2
+ (dρ2 + sinh2 ρ dφ2)
)
,
V µ∂µ =
2v
hr
∂ψ , H =
ih
r
, v2 =
4(h2 + 1)
r2
, h ∈ R− {0} .
(5.14)
6. Supersymmetry Multiplets and Lagrangians
In this section, we discuss the general form of the rigid supersymmetry algebra and
its multiplets. This enables us to construct supersymmetric Lagrangians on any three-
manifold that admits one or several solutions of the Killing spinor equations (1.4) and (1.5).
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6.1. The Supersymmetry Algebra
Whenever a given three-manifold admits rigid supersymmetry, the corresponding su-
persymmetry algebra is obtained by taking the rigid limit of the appropriate algebra of
supergravity transformations. Since a suitably gauge-fixed component formulation of new
minimal supergravity in three dimensions is not available, we will postulate the corre-
sponding rigid supersymmetry algebra and subject it to various consistency checks.
Given solutions ζ, η of (1.4) and solutions ζ˜ , η˜ of (1.5), we take the rigid supersymmetry
algebra to be
{δζ , δζ˜}ϕ(r,z) = −2i
(L′Kϕ(r,z) + ζζ˜ (z − rH)ϕ(r,z)) , Kµ = ζγµζ˜ ,
{δζ , δη}ϕ(r,z) = 0 , {δζ˜ , δη˜}ϕ(r,z) = 0 .
(6.1)
Here ϕ(r,z) is a field of arbitrary spin, R-charge r, and central charge z. We use L′K
to denote a modified Lie derivative along Kµ, which is covariant under local R- and Z-
transformations,
L′Kϕ(r,z) = LKϕ(r,z) − irKµ
(
Aµ − 1
2
Vµ
)
ϕ(r,z) − izKµCµϕ(r,z) . (6.2)
The algebra (6.1) passes several consistency checks:
1.) It is covariant under diffeomorphisms, as well as local R- and Z-transformations.
2.) It reduces to the usual N = 2 supersymmetry algebra (1.2) when the metric is flat
and the other supergravity background fields vanish. Note that z is the eigenvalue of
the central charge operator Z in (1.2) on the field ϕ(r,z).
3.) It can be derived from the most general ansatz consistent with 1.) and 2.), as well
as dimensional analysis, by demanding that the algebra close whenever the spinor
parameters satisfy (1.4) and (1.5).
4.) It can be obtained from the rigid limit of new minimal supergravity in four dimensions
by a twisted dimensional reduction. This is discussed in appendices C and D.
6.2. Supersymmetry Multiplets
In this subsection, we realize the algebra (6.1) on a general multiplet whose bottom
component is a complex scalar. By imposing constraints, we obtain the transformation
rules for chiral, anti-chiral, and real linear multiplets. Using these multiplets, we con-
struct general supersymmetric Lagrangians. Finally, we present the multiplication rules
for general multiplets.
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Consider a general multiplet S, whose bottom component C is a complex scalar of R-
charge r and central charge z. Such a multiplet has 16 + 16 independent bosonic and
fermionic components,
S = (C, χα, χ˜α,M, M˜, aµ, σ, λα, λ˜α, D) . (6.3)
All components of S carry central charge z, while the R-charges relative to the bottom
component are given by (0,−1, 1,−2, 2, 0, 0, 1,−1, 0). The general multiplet (6.3) is the
curved-space analogue of an unconstrained complex superfield in flat space,
S = C + iθχ+ iθ˜χ˜+ i
2
θ2M +
i
2
θ˜ 2M˜ + (θγµθ˜)aµ − iθθ˜σ
+ iθ˜ 2θ
(
λ− i
2
γµ∂µχ˜
)
− iθ2θ˜
(
λ˜+
i
2
γµ∂µχ
)
− 1
2
θ2θ˜ 2
(
D +
1
2
∂2C
)
.
(6.4)
The supersymmetry transformation rules for the components of S are given by
δC = iζχ+ iζ˜χ˜ ,
δχ = ζM − ζ˜ (σ + (z − rH)C)− γµζ˜(DµC + iaµ) ,
δχ˜ = ζ˜M˜ − ζ (σ − (z − rH)C)− γµζ(DµC − iaµ) ,
δM = −2ζ˜λ˜+ 2i (z − (r − 2)H) ζ˜χ− 2iDµ
(
ζ˜γµχ
)
,
δM˜ = 2ζλ− 2i (z − (r + 2)H) ζχ˜− 2iDµ
(
ζγµχ˜
)
,
δaµ = −i
(
ζγµλ˜+ ζ˜γµλ
)
+Dµ
(
ζχ− ζ˜χ˜) ,
δσ = −ζλ˜+ ζ˜λ+ i (z − rH) (ζχ− ζ˜χ˜) ,
δλ = iζ (D + σH)− iεµνργρζ Dµaν − γµζ ((z − rH) aµ + iDµσ − Vµσ) ,
δλ˜ = −iζ˜ (D + σH)− iεµνργρζ˜ Dµaν + γµζ˜ ((z − rH) aµ + iDµσ + Vµσ) ,
δD = Dµ
(
ζγµλ˜− ζ˜γµλ)− iVµ(ζγµλ˜+ ζ˜γµλ)−H(ζλ˜− ζ˜λ)
+ (z − rH)
(
ζλ˜+ ζ˜λ− iH(ζχ− ζ˜χ˜))+ ir
4
(
R − 2V µVµ − 6H2
) (
ζχ− ζ˜χ˜) .
(6.5)
Here R is the Ricci scalar and we have defined a covariant derivative
Dµ = ∇µ − ir
(
Aµ − 1
2
Vµ
)
− izCµ . (6.6)
It can be checked that the transformation rules (6.5) realize the algebra (6.1) whenever
the spinors ζ, η, ζ˜, η˜ satisfy the Killing spinor equations (1.4) and (1.5). To show this, it
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is convenient to use the integrability condition (5.8), as well as the Killing spinor equa-
tions themselves. Alternatively, the transformation rules (6.5) can be obtained by appro-
priately reducing the supersymmetry transformations corresponding to the rigid limit of
four-dimensional new minimal supergravity (see appendices C and D).
We can obtain other useful supersymmetry multiplets by starting with the general
multiplet (6.3) and imposing constraints:
1.) Chiral Multiplet: Imposing χ˜α = 0 leads to a chiral multiplet Φ = (φ, ψα, F ) of R-
charge r and central charge z. The consistency of the transformation rules (6.5)
implies that Φ is embedded in a general multiplet (6.3) as follows:
Φ =
(
φ,−
√
2iψ, 0,−2iF, 0,−iDµφ, (z − rH)φ,
0, 0,
r
4
(
R − 2V µVµ − 6H2
)
φ− (z − rH)Hφ) . (6.7)
The supersymmetry transformations rules for the components of Φ are then given by
δφ =
√
2ζψ ,
δψ =
√
2ζF −
√
2i (z − rH) ζ˜φ−
√
2iγµζ˜ Dµφ ,
δF =
√
2i (z − (r − 2)H) ζ˜ψ −
√
2iDµ
(
ζ˜γµψ
)
.
(6.8)
2.) Anti-Chiral Multiplet: The conjugate to Φ is an anti-chiral multiplet Φ˜ = (φ˜, ψ˜α, F˜ )
of R-charge −r and central charge −z, which is embedded in a general multiplet (6.3)
with χα = 0,
Φ˜ =
(
φ˜, 0,
√
2iψ˜, 0, 2iF˜ , iDµφ˜, (z − rH) φ˜,
0, 0,
r
4
(
R − 2V µVµ − 6H2
)
φ˜− (z − rH)Hφ˜) . (6.9)
Its supersymmetry transformations are given by
δφ˜ = −
√
2ζ˜ψ˜ ,
δψ˜ =
√
2ζ˜F˜ +
√
2i (z − rH) ζφ˜+
√
2iγµζ Dµφ˜ ,
δF˜ =
√
2i (z − (r − 2)H) ζψ˜ −
√
2iDµ
(
ζγµψ˜
)
.
(6.10)
3.) Real Linear Multiplet: If we set M = M˜ = 0 in (6.3), we obtain a real linear multi-
plet J = (J, jα, j˜α, jµ, K). It has vanishing R- and Z-charge, r = z = 0, and jµ is a
conserved current, so that ∇µjµ = 0. In terms of the general superfield (6.3),
J =
(
J, j, j˜, 0, 0,−jµ − VµJ,−K,− i
2
Hj˜ + iγµ
(
Dµ +
i
2
Vµ
)
j˜,
i
2
Hj − iγµ(Dµ − i
2
Vµ
)
j,−V µjµ −HK −∇µ∇µJ − V µVµJ
)
.
(6.11)
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The transformation rules are given by
δJ = iζj + iζ˜ j˜ ,
δj = ζ˜K + iγµζ˜
(
jµ + i∂µJ + VµJ
)
,
δj˜ = ζK − iγµζ(jµ − i∂µJ + VµJ) ,
δjµ = iεµνρ∇ν
(
ζγρj − ζ˜γρj˜) ,
δK = −i∇µ
(
ζγµj + ζ˜γµj˜
)
+ 2iH
(
ζj + ζ˜ j˜
)− Vµ(ζγµj − ζ˜γµj˜) .
(6.12)
We can use the multiplets above to write general supersymmetric Lagrangians, i.e.
scalar operators of vanishing R- and Z-charge that transform into a total derivative under
supersymmetry transformations:
1.) D-Terms: Consider a general superfield S with r = z = 0. We see from (6.5) that
the D-component of S does not transform into a total derivative. However, it is
straightforward to check that the supersymmetry variation of the following Lagrangian
is a total derivative:
LD = −1
2
(D − aµV µ − σH) . (6.13)
This is the curved-space analogue of a general D-term Lagrangian.
2.) F-Terms: The F -component of a chiral superfield Φ with r = 2 and z = 0 has
vanishing R- and Z-charge. Moreover, it follows from (6.8) that the supersymmetry
variation of F is a total derivative. Similarly, it follows from (6.10) that the same
is true for the F˜ -component of an anti-chiral superfield Φ˜ with r = −2 and z = 0.
Therefore, we can write the curved-space analogue of a general F -term Lagrangian,
LF = F + F˜ . (6.14)
3.) Improvements of the R-Current: At the linearized level, we can perform an improve-
ment (2.3) of the R-multiplet by a linear multiplet J . This has the effect of coupling
the flavor current jµ embedded in J to the R-symmetry gauge field Aµ. At the
non-linear level, we can couple the conserved current jµ in the linear multiplet (6.11)
to Aµ and use (6.12) to find suitable correction terms to obtain a supersymmetric
Lagrangian:
LJ = jµ
(
Aµ − 1
2
V µ
)
+HK − 1
4
(
R− 2V µVµ + 2H2)J . (6.15)
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Below, we will use these formulas to write supersymmetric Lagrangians for Abelian gauge
theories coupled to chiral matter.
Finally, we will describe the multiplication rules for general multiplets. Given two
such multiplets S1,S2, whose bottom components C1, C2 have R-charges r1, r2 and central
charges z1, z2, we would like to construct a multiplet S with bottom component C = C1C2.
Using the transformation laws in (6.5), we find that the components of S are given by
C = C1C2 , χ = χ1C2 + C1χ2 , χ˜ = χ˜1C2 + C1χ˜2 ,
M =M1C2 + C1M2 − iχ1χ2 , M˜ = M˜1C2 + C1M˜2 − iχ˜1χ˜2 ,
aµ = a1µC2 + C1a2µ − 1
2
(χ1γµχ˜2 − χ˜1γµχ2) , σ = σ1C2 + C1σ2 + i
2
(
χ1χ˜2 + χ˜1χ2
)
,
λ =
(
λ1C2 +
i
2
M˜1χ2 − 1
2
γµχ˜1
(
a2µ − iDµC2
)
+
i
2
χ˜1 (σ2 + (z2 − r2H)C2)
)
+ (1↔ 2) ,
λ˜ =
(
λ˜1C2 − i
2
M1χ˜2 − 1
2
γµχ1
(
a2µ + iDµC2
)− i
2
χ1 (σ2 − (z2 − r2H)C2)
)
+ (1↔ 2) ,
D = D1C2 + C1D2 +
1
2
M1M˜2 +
1
2
M˜1M2 − aµ1a2µ − σ1σ2 −DµC1DµC2
+ (z1 − r1H) (z2 − r2H)C1C2 − i
2
((z1 − z2)− (r1 − r2)H)
(
χ1χ˜2 − χ˜1χ2
)
− χ1
(
λ2 − i
2
γµDµχ˜2
)
+ χ˜1
(
λ˜2 +
i
2
γµDµχ2
)− (λ1 + i
2
Dµχ˜1γ
µ
)
χ2
+
(
λ˜1 − i
2
Dµχ1γ
µ
)
χ˜2 − V µ
(
χ1γµχ˜2 − χ˜1γµχ2
)
.
(6.16)
6.3. Adding Gauge Fields
In this subsection we explain how to accommodate gauge fields and charged chiral
matter. For simplicity, we restrict ourselves to Abelian gauge fields. The extension to the
non-Abelian case is straightforward.
A gauge multiplet V is a general multiplet (6.3) of vanishing R- and Z-charge, subject
to the gauge freedom
δV = Ω+ Ω˜ , (6.17)
where Ω and Ω˜ are chiral and anti-chiral, respectively, and also have vanishing R- and Z-
charge. We can use this gauge freedom to partially fix a Wess-Zumino gauge,
V =
(
0, 0, 0, 0, 0, aµ, σ, λ, λ˜, D
)
. (6.18)
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The residual gauge transformations that preserve this form of V are given by
δaµ = ∂µΛ
(a) , ω = −ω˜ = i
2
Λ(a) , (6.19)
where ω, ω˜ are the bottom components of Ω, Ω˜. Therefore, aµ is an Abelian gauge field.
We will denote its field strength by fµν = ∂µaν − ∂νaµ. As before, the fact that we
are working in Euclidean signature means that the gauge parameter Λ(a) in (6.19) is
generally complex. In Wess-Zumino gauge, the supersymmetry transformations of V follow
from (6.5) and (6.18),
δaµ = −i
(
ζγµλ˜+ ζ˜γµλ
)
,
δσ = −ζλ˜+ ζ˜λ ,
δλ = iζ (D + σH)− i
2
εµνργρζ fµν − γµζ (i∂µσ − Vµσ) ,
δλ˜ = −iζ˜ (D + σH)− i
2
εµνργρζ˜ fµν + γ
µζ˜ (i∂µσ + Vµσ) ,
δD = ∇µ
(
ζγµλ˜− ζ˜γµλ)− iVµ(ζγµλ˜+ ζ˜γµλ)−H(ζλ˜− ζ˜λ) .
(6.20)
As usual, the supersymmetry transformations (6.5) take us out of Wess-Zumino gauge,
which must be restored by a compensating gauge transformation of the form (6.17). We
will return to this point below.
As in flat space, it is convenient to define a gauge-invariant multiplet Σ, whose bottom
component is σ. Using the supersymmetry variations in (6.20), we find that Σ is a real
linear multiplet (6.11) with
J = σ , j = iλ˜ , j˜ = −iλ ,
jµ = − i
2
εµνρf
νρ , K = D + σH .
(6.21)
Below, we will use Σ to write supersymmetric Yang-Mills and Chern-Simons terms.
Under a gauge transformation (6.17), a chiral multiplet Φ of charge q and an anti-chiral
multiplet Φ˜ of charge −q transform as follows:
δΦ = 2qΩΦ , δΦ˜ = 2qΩ˜Φ˜ . (6.22)
Here the chiral multiplets Ω and Φ are multiplied according to the rules in (6.16), which
gives another chiral multiplet, and similarly for Ω˜, Φ˜. Note that under the residual gauge
freedom (6.19) that preserves Wess-Zumino gauge, we have the usual transformations δΦ =
iqΛ(a)Φ and δΦ˜ = −iqΛ(a)Φ˜.
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Since we will work in Wess-Zumino gauge throughout and this gauge is not preserved
by the supersymmetry transformations derived in the previous subsection, we will need to
accompany them by an appropriate gauge transformation to restore Wess-Zumino gauge.
This modifies the supersymmetry transformation rules of charged fields. In particular,
a chiral multiplet (φ, ψα, F ) of charge q, R-charge r, and central charge z transforms as
follows:
δφ =
√
2ζψ ,
δψ =
√
2ζF −
√
2i (z − qσ − rH) ζ˜φ−
√
2iγµζ˜Dµφ ,
δF =
√
2i (z − qσ − (r − 2)H) ζ˜ψ + 2iqφζ˜λ˜−
√
2iDµ
(
ζ˜γµψ
)
.
(6.23)
Here we have extended the definition of the covariant derivative Dµ to also include the
gauge field aµ,
Dµ = ∇µ − ir
(
Aµ − 1
2
Vµ
)
− izCµ − iqaµ . (6.24)
Therefore, the transformations (6.23) are covariant with respect to all gauge redundancies.
Note that σ only appears in the combination z − qσ. We will return to the relation
between z and σ below. The transformation rules for a charged anti-chiral multiplet are
similarly modified.
Since charged fields have modified supersymmetry transformation rules, they also
obey modified multiplication rules. In order to construct supersymmetric Lagrangians for
charged fields, we will need to know how to multiply a chiral multiplet Φ = (φ, ψα, F )
of charge q, R-charge r, and central charge z with its conjugate Φ˜ = (φ˜, ψ˜α, F˜ ).
10 The
relevant components of the product multiplet K = Φ˜Φ = (C(K), χ(K)α , · · ·), which does not
carry any charge, are given by
C(K) = φ˜φ ,
a(K)µ = −i
(
φ˜Dµφ− φDµφ˜
)
+ ψ˜γµψ ,
σ(K) = 2
(
z − qσ − rH)φ˜φ+ iψ˜ψ ,
D(K) = −2Dµφ˜Dµφ+ iψ˜γµDµψ − iDµψ˜γµψ + 2F˜F
− 2
(
qD +
(
z − rH)H + (z − qσ − rH)2 − r
4
(
R− 2V µVµ − 6H2
))
φ˜φ
− 2i
(
z − qσ − rH
)
ψ˜ψ + 2V µψ˜γµψ − 2
√
2iq
(
φ˜λψ + φλ˜ψ˜
)
.
(6.25)
10 Alternatively, as in flat space, we could use the unmodified multiplication rules (6.16) and
consider the gauge-invariant product multiplet Φ˜e−2qVΦ, evaluated in Wess-Zumino gauge.
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So far we have discussed vector multiplets that contain dynamical gauge fields. We
can also consider background vector multiplets, which couple to global flavor symmetries.
While we are free to consider arbitrary classical configurations for these background vec-
tor multiplets, only certain configurations are consistent with rigid supersymmetry. By
analogy with our treatment of background supergravity, these are the configurations for
which the gauginos λ, λ˜ as well as their supersymmetry variations δλ, δλ˜ in (6.20) vanish.
(See [30] for a related discussion in four dimensions.) The only configurations compatible
with four supercharges take the form
aµ = −σCµ + a(0)µ , ∂µσ = 0 , D = −σH , (6.26)
where a
(0)
µ is a flat connection. (More general background gauge fields are allowed in the
presence of fewer rigid supercharges.) As in flat space, real values of σ give rise to real
masses for chiral superfields charged under V (see below). However, we are free to consider
complex values of σ and a
(0)
µ and this played an important role in [30,33,34].
6.4. Supersymmetric Lagrangians
In this section we use the formalism developed above to write down supersymmetric
Lagrangians for gauge fields and chiral matter. We first consider supersymmetric La-
grangians for an Abelian gauge field V in Wess-Zumino gauge, as in (6.18). Starting with
different multiplets constructed out of V and applying (6.13) or (6.15), we obtain the
following supersymmetric Lagrangians:
1.) Fayet-Iliopoulos Term: Applying (6.13) to −2ξV, we obtain
LFI = ξ (D − aµV µ − σH) , (6.27)
where ξ is the dimension one Fayet-Iliopoulos parameter.
2.) Gauge-Gauge Chern-Simons Term: By applying (6.13) to the multiplet
kgg
2pi VΣ, we
obtain a level kgg Chern-Simons term for the gauge field aµ,
Lgg =
kgg
4pi
(
iεµνρaµ∂νaρ − 2Dσ + 2iλ˜λ
)
. (6.28)
3.) Gauge-R Chern-Simons Term: By applying (6.15) to the real linear multiplet J =
−kgr2pi Σ, we obtain a mixed Chern-Simons term for the gauge field aµ and the back-
ground R-symmetry gauge field Aµ,
Lgr =
kgr
2pi
(
iεµνρaµ∂ν
(
Aρ − 1
2
Vρ
)
−DH + 1
4
σ
(
R − 2V µVµ − 2H2
))
. (6.29)
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This term played an important role in [33,34].
4.) Yang-Mills Term: If we apply (6.13) to − 1
e2
Σ2, where e is the gauge coupling, we
obtain Yang-Mills kinetic terms for aµ,
LYM =
1
4e2
fµνfµν +
1
2e2
∂µσ∂µσ − i
e2
λ˜γµ
(
Dµ +
i
2
Vµ
)
λ
+
i
2e2
σεµνρVµfνρ − 1
2e2
V µVµσ
2 − 1
2e2
(D + σH)
2
+
i
2e2
Hλ˜λ .
(6.30)
Finally, it is straightforward to obtain the Lagrangian for a chiral multiplet Φ of
charge q, R-charge r, and central charge z, and its conjugate anti-chiral multiplet Φ˜, by
applying (6.13) to the product multiplet K = Φ˜Φ and using (6.25). Here we only consider
the case where Φ has canonical Ka¨hler potential. Using the formalism developed above, it
is straightforward to obtain the corresponding results for a general Ka¨hler potential. The
answer can be succinctly expressed using a modified covariant derivative,
Dµ = Dµ + ir0Vµ = ∇µ − ir
(
Aµ − 3
2
Vµ
)
− i(r − r0)Vµ − izCµ − iqaµ . (6.31)
Here r0 is the superconformal R-charge for a free chiral field, i.e. r0(φ) =
1
2 , r0(ψ) = −12 ,
and similarly for φ˜, ψ˜. The Lagrangian is given by
LK = D
µφ˜Dµφ− iψ˜γµDµψ − F˜F + q(D + σH)φ˜φ− 2(r − 1)H(z − qσ)φ˜φ
+
(
(z − qσ)2 − r
4
R +
1
2
(
r − 1
2
)
V µVµ + r
(
r − 1
2
)
H2
)
φ˜φ
+
(
z − qσ − (r − 1
2
)
H
)
iψ˜ψ +
√
2iq
(
φ˜λψ + φλ˜ψ˜
)
.
(6.32)
When φ has superconformal R-charge r = r0 =
1
2 and central charge z = 0, the background
fields Aµ − 12Vµ and H, which are absent in conformal supergravity, drop out.
Note that if we view the gauge multiplet as a background field and turn on a con-
figuration of the form (6.26), then D = −σH and the constant value of σ simply gives a
contribution −qσ to the central charge z. If σ = m is real and q = 1, this corresponds
to a real mass m for the chiral multiplet Φ. Thus, as in flat space, real masses for chiral
multiplets correspond to suitable background gauge fields for flavor symmetries.
7. Comparison with Linearized Supergravity
In this section we expand the background fields discussed in section 4 and the super-
symmetric Lagrangians in section 6 around flat space. In this limit, we can also derive
them using the linearized supergravity formulas of section 2 and our knowledge of the R-
multiplet in flat space. This comparison serves as a non-trivial check of our results and
elucidates their structure in terms of familiar flat-space objects. We also comment on the
fact that the first-order deformation of the Lagrangian around flat space is Q-exact.
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7.1. Linearized Background Fields
In an expansion around flat space, gµν = δµν + 2hµν , the linearized couplings to new
minimal supergravity are given by (2.10),
δL = −Tµνhµν + j(R)µ
(
Aµ − 3
2
V µ
)
+ j(Z)µ C
µ + J (Z)H . (7.1)
Here we have omitted terms containing the gravitini, which are set to zero in the rigid
limit. We would like to determine the background fields Aµ, Vµ, H that are needed to
preserve a given supercharge ζ. At leading order around flat space, we are free to choose
ζα =
(
1
0
)
, (7.2)
which corresponds to s = 1 in (5.7). It suffices to find linear combinations of Tµν and
the other bosonic operators in the R-multiplet that are invariant under the flat-space
supercharge δQ corresponding to ζ.
Using (2.2), we find that the components of the R-multiplet transform as follows:
δQj
(R)
µ = −iζSµ ,
δQSµ = 0 ,
δQS˜µ = ζ
(
2j(Z)µ + iεµνρ∂
νj(R)ρ
)
+ γνζ
(
2iTµν + ∂νj
(R)
µ − εµνρ∂ρJ (Z)
)
,
δQTµν =
i
4
εµρλζγ
ρ∂λSν +
i
4
ενρλζγ
ρ∂λSµ ,
δQj
(Z)
µ = −
i
2
ζγν∂νSµ − 1
2
εµνρζ∂
νSρ ,
δQJ
(Z) = −1
2
ζγµSµ .
(7.3)
As in section 4, we switch from the usual flat-space coordinates x1, x2, x3 to the adapted
coordinates11
τ = x1 , z = x2 − ix3 , z = x2 + ix3 , (7.4)
so that the almost contact structure corresponding to ζ in (7.2) is given by η = ∂τ .
Using the transformation laws in (7.3), we find that the following operators are invariant
11 Here we define z, z so that the usual orientation ε123 = 1 corresponds to ε
τzz = 2i.
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under δQ, i.e. they are Q-closed:
Tττ − ij(Z)τ + 2i∂zj(R)z ,
Tτz − ij(Z)z −
i
2
∂zj
(R)
τ −
1
2
∂zJ
(Z) ,
Tτz − ij(Z)z − i∂τ j(R)z +
i
2
∂zj
(R)
τ +
1
2
∂zJ
(Z) ,
Tzz − i
2
∂zj
(R)
z ,
Tzz − i
2
∂zj
(R)
z −
1
4
∂τJ
(Z) ,
j(Z)z − i∂zJ (Z) .
(7.5)
There is, however, no Q-invariant combination that contains Tzz. The operators in (7.5)
are also Q-exact. They are proportional to the six operators δQS˜µα in (7.3). We will return
to this point below.
Using the operators in (7.5) we find that the following Lagrangian is Q-invariant:
δL = − 2hτz(Tτz − ij(Z)z − i2∂zj(R)τ − 12∂zJ (Z))
− 2hτz(Tτz − ij(Z)z − i∂τ j(R)z + i2∂zj(R)τ + 12∂zJ (Z))
− 2hzz(Tzz − i
2
∂zj
(R)
z −
1
4
∂τJ
(Z)
)
+ fz
(
j(Z)z − i∂zJ (Z)
)
.
(7.6)
Here fz(τ, z, z) is a complex function and we have set hττ = 0 by a gauge transformation in
order to compare with the formulas in section 4. The absence of a term proportional to hzz
is due to the fact that there is no Q-invariant operator containing Tzz. Since the metric is
real, this also means that hzz is absent. Integrating by parts and comparing with (7.1), we
can determine the background fields Aµ, Vµ, H in terms of f
z and the linearized metric,
V τ = 2i
(
∂zh
τz − ∂zhτz
)
+ ∂zf
z ,
V z = −2i∂τhτz − ∂τfz , V z = 2i∂τhτz ,
H = ∂zh
τz − ∂zhτz − 1
2
∂τh
zz + i∂zf
z ,
Aτ = 4i
(
∂zhτz − ∂zhτz
)
+
3
2
∂zf
z ,
Az = i∂τhτz − 2i∂zhzz , Az = −3i∂τhτz − 3
4
∂τf
z .
(7.7)
The metric-dependent terms precisely agree with the linearization of (4.5), (4.14),
and (4.19). The function fz corresponds to the linearized shifts in (4.2) with Uz = −∂τfz
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and κ = ∂zf
z. Note that the condition (4.3) is automatically satisfied. (See appendix B
of [27] for a related discussion in four dimensions.)
The fact that the linear terms in the background fields are Q-exact does not guarantee
that the same is true at the non-linear level, where both the Lagrangian and the supersym-
metry transformations are modified. Understanding these non-linear terms is essential in
order to establish the parameter dependence of the partition function on supersymmetric
manifolds. We will present this analysis elsewhere.
7.2. Linearized Lagrangians
In the previous subsection we used the general structure of the R-multiplet to repro-
duce the supersymmetric background fields of section 4 at the linearized level. Similarly,
we can reproduce the supersymmetric Lagrangians of section 6 at the linearized level by
examining the R-multiplet for gauge multiplets and chiral matter.
1.) Gauge Multiplet: Let V be a U(1) vector superfield and consider the Lagrangian
L =
∫
d4θ
(
− 1
e2
Σ2 +
k
2pi
VΣ− 2ξV
)
, (7.8)
where Σ = i
2
D˜DV is the field-strength superfield, k is the Chern-Simons level, and ξ
is the Fayet-Iliopoulos parameter. This Lagrangian is the flat-space limit of (6.27),
(6.28), and (6.30). It leads to the equation of motion i2e2 D˜DΣ =
k
2piΣ−ξ, which gives
the following R-multiplet:
Rαβ = 2
e2
(
DαΣD˜βΣ+DβΣD˜αΣ
)
, J (Z) = −ξΣ+ i
4e2
D˜D
(
Σ2
)
. (7.9)
Note that the Chern-Simons term does not contribute to the R-multiplet. We will
need the following bosonic components:
j(R)µ = −
1
e2
λ˜γµλ ,
j(Z)µ =
1
2e2
∂ν
(
2σfµν − iεµνρ λ˜γρλ
)
+
i ξ
2
εµνρf
νρ ,
J (Z) = −ξσ − 1
e2
(
σD − i
2
λ˜λ
)
.
(7.10)
Substituting into (7.1), we find perfect agreement with the first-order terms in (6.27)
and (6.30). The Chern-Simons term (6.28) does not contain any first-order terms,
consistent with the fact that it does not contribute to the R-multiplet. In this example
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we have not discussed the energy-momentum tensor Tµν , since it can be obtained
by the usual procedure of minimally coupling the flat-space Lagrangian (7.8) to the
metric. We will now discuss an example where this is no longer the case.
2.) Chiral Multiplet: Let Φ be a chiral superfield of R-charge r and real mass m, and let Φ˜
be its conjugate anti-chiral superfield. Consider the Lagrangian
L =
∫
d4θ Φ˜e−2imθ˜θΦ , (7.11)
which is the flat-space limit of (6.32), with z = −m and q = 0. The equations of
motion D2
(
e−2imθ˜θΦ
)
= D˜2
(
e−2imθ˜θΦ˜
)
= 0 imply that the R-multiplet is given by
Rαβ =
(
e2imθ˜θDα
(
e−2imθ˜θΦ
)
D˜β
(
e−2imθ˜θΦ˜
)− r
2
[Dα, D˜β]J
)
+ (α↔ β) ,
J (Z) = −mJ − i
2
(
r − 1
2
)
D˜DJ .
(7.12)
Here J = Φ˜e−2imθ˜θΦ is a real linear multiplet, D2J = D˜2J = 0, which contains the
conserved current jµ = i
(
φ˜∂µφ−∂µφ˜φ
)− ψ˜γµψ associated with the global U(1) flavor
symmetry of (7.11). Note that the terms in (7.12) proportional to the R-charge r take
the form of an improvement transformation (2.3) by J . The bosonic components of
the R-multiplet (7.12) are given by
j(R)µ = ir
(
φ˜∂µφ− ∂µφ˜φ
)− (r − 1)ψ˜γµψ ,
Tµν = · · ·+ r
2
(
∂2δµν − ∂µ∂ν
)
φ˜φ ,
J (Z) = −mφ˜φ+
(
r − 1
2
)(
2mφ˜φ− iψ˜ψ) ,
j(Z)µ = −mjµ − i
(
r − 1
2
)
εµνρ∂
νjρ .
(7.13)
Here the ellipsis denotes the usual, unimproved energy-momentum tensor that follows
by minimally coupling the flat-space Lagrangian (7.11) to a background metric. As
above, we can substitute these operators into (7.1) and find perfect agreement with
the first-order terms in (6.32) with z = −m and q = 0. In particular, the improvement
term in Tµν reproduces the coupling to the Ricci scalar R.
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8. The Energy-Momentum Tensor Two-Point Function
In this section we will show how the flat-space two-point functions of the R-current
and the energy-momentum tensor in N = 2 superconformal theories can be computed
using localization on the squashed three-sphere S3b discussed in section 5.2. Recall that in
four-dimensional N = 1 SCFTs, the two-point functions of currents are related to anom-
alies, and hence calculable. For instance, the two-point function of the energy-momentum
tensor is determined by the c-anomaly. Even though there are no local anomalies in three
dimensions, these two-point functions are nevertheless calculable using localization.
8.1. Two-Point Functions from Squashing
Given an N = 2 SCFT, we can place the theory on the squashed three-sphere S3b
by coupling its superconformal R-multiplet to the background fields in (5.11). Recall
that the R-multiplet is not unique in the presence of Abelian flavor symmetries. The
superconformal R-multiplet can be determined using F -maximization on the round three-
sphere [3,32,33], which also allows us to extract the two-point functions of the Abelian flavor
currents in the SCFT [33]. Here we will consider the SCFT on the squashed sphere S3b
and extract the two-point functions of the R-current and the energy-momentum tensor.
We will study the partition function ZS3
b
and the associated free energy,
F (b) = − logZS3
b
, (8.1)
as a function of the squashing parameter b near b = 1, which corresponds to the round S3.
If the SCFT arises in the deep IR of an RG flow from a free theory in the UV, then F (b)
can be computed exactly using localization [6,10]. We will show that
Re
∂2F
∂b2
∣∣∣∣
b=1
=
pi2
2
τrr , (8.2)
where the coefficient τrr > 0 determines the two-point functions of the R-current and the
energy-momentum tensor in flat space and at separated points (see for instance [34]),
〈j(R)µ (x)j(R)ν (0)〉 =
τrr
16pi2
(
δµν∂
2 − ∂µ∂ν
) 1
x2
,
〈Tµν(x)Tρσ(0)〉 = − τrr
64pi2
(δµν∂
2 − ∂µ∂ν)(δρσ∂2 − ∂ρ∂σ) 1
x2
+
τrr
64pi2
(
(δµρ∂
2 − ∂µ∂ρ)((δνσ∂2 − ∂ν∂σ) + (µ↔ ν)
) 1
x2
.
(8.3)
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The fact that both correlators are given in terms of τrr follows from superconformal in-
variance. A free chiral multiplet has τrr =
1
4 .
It is convenient to use coordinates xµ on S3b that reduce to stereographic coordinates
on S3 when b = 1.12 The metric (5.11) on the squashed sphere then takes the form
gµν = Ω
2 δµν +
(
b− b−1
b+ b−1
)2
vµvν , Ω =
2
1 + xµxµ
,
vµdx
µ = Ω2
b+ b−1
2
(
(x1dx2 − x2dx1) + (1− Ω−1)dx3 + x3xµdxµ
)
,
(8.4)
where we have set the radius r = 1 in (5.11). The vector vµ is Killing and satisfies vµvµ = 1.
In these coordinates, the other background fields are given by
Aµ = Vµ =
(
b− b−1)vµ , Cµ = i(b− b−1
b+ b−1
)
vµ , H =
i(b+ b−1)
2
. (8.5)
If the squashed sphere is nearly round, so that b = 1+δb with |δb| ≪ 1, then the background
fields Aµ and Vµ are of order δb, while gµν and H differ from their values on the round S
3
by terms of order (δb)2.
We will use the conformal mapping of primary operators from flat space to the
round S3 to understand small deformations of the theory on S3b around b = 1. At or-
der δb, the Lagrangian is modified by the operators that couple to Aµ and Vµ,
δL1 =
(
Aµ − 3
2
V µ
)
j(R)µ + j
(Z)
µ C
µ = δb vµ
(
ij(Z)µ − j(R)µ
)
. (8.6)
At order (δb)2, the Lagrangian is modified by some operator O, whose one-point function
on the round S3 must vanish by conformal invariance,
δL2 = (δb)
2O , 〈O〉S3 = 0 . (8.7)
Using (8.6) and (8.7), we find that
∂2F
∂b2
∣∣∣∣
b=1
= −
∫
S3
d3x
√
g
∫
S3
d3y
√
g vµ(x)vν(y)〈j(R)µ(x)j(R)ν(y)〉S3 +
(
contact terms
)
.
(8.8)
The first derivative of F (b) is determined by a one-point function, and hence it vanishes
at b = 1 by conformal invariance. In deriving (8.8), we have omitted the contribution of
12 In this section, we raise and lower the indices on the coordinates xµ using δµν , so that x
µxµ =
δµνx
µxν . Tensor indices are raised and lowered using the curved metric gµν , as usual.
35
the operator j
(Z)
µ in (8.6), since it is redundant in the SCFT, i.e. its correlation functions
vanish at separated points. However, both j
(Z)
µ and j
(R)
µ may give rise to contact terms.
As we will explain below, these can only affect the imaginary part ImF (b). To study the
second derivative of the real part ReF (b) we only need the two-point function of j
(R)
µ at
separated points.
Using a conformal transformation, we can map the flat-space two-point function of j
(R)
µ
in (8.3) to the round S3. At separated points, we find
〈j(R)µ(x)j(R)ν(y)〉S3 = τrr
4pi2
1
s(x, y)6
(
δµν(x− y)2 − 2(x− y)µ(x− y)ν) , (8.9)
where s(x, y) is the SO(4) invariant distance function on S3,
s(x, y) =
2|x− y|√
1 + x2
√
1 + y2
. (8.10)
Substituting into (8.8), we find that the integral is UV divergent and must be regulated.
The answer is finite and unambiguous due to current conservation,13 and it reduces to (8.2).
To complete the argument, we must analyze the effects of possible contact terms
in (8.8). All contact terms in correlation functions of operators in the R-multiplet are cap-
tured by local terms in the background supergravity fields, which may contribute to F (b).
These local terms were classified in [34]. Their reality properties are fixed by the corre-
sponding contact terms in flat space. On the squashed sphere, they only contribute to the
imaginary part ImF (b), and hence they cannot affect (8.2).
8.2. Examples
We will illustrate (8.2) in two examples: a free chiral multiplet and any large-N
superconformal theory with an AdS4 ×X7 supergravity dual.
The partition function FΦ(b) for a free massless chiral multiplet Φ of superconformal R-
charge r = 12 was computed in [10] using localization. A useful representation of FΦ(b) is
given by (see for instance [50,51])
FΦ(b) = −
∫ ∞
0
dx
2x
(
sinhx
sinh(bx) sinh(b−1x)
− 1
x
)
, (8.11)
so that
∂2FΦ
∂b2
∣∣∣∣
b=1
=
pi2
8
. (8.12)
13 See section 3 of [33], where a similar issue is discussed in detail.
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This agrees with (8.2) when τrr =
1
4 , which is the correct value for a free chiral multiplet.
Consider an N = 2 Chern-Simons-matter theory with an AdS4 × X7 supergravity
dual. (Here X7 is a Sasaki-Einstein manifold.) In the large-N limit, the dependence on
the squashing parameter simplifies dramatically [10],
F (b) =
(b+ b−1)2
4
F (1) , (8.13)
while the free energy F (1) on the round S3 is simply related to τrr [52],
F (1) =
pi2
4
τrr , (8.14)
Again, we find perfect agreement with (8.2).
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Appendix A. Conventions
A.1. Flat Euclidean Space
The metric is given by δµν , with µ, ν = 1, 2, 3. The totally antisymmetric Levi-
Civita symbol is normalized so that ε123 = 1. A spinor ψα transforms as a doublet
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of Spin(3) = SU(2). Spinor indices are raised and lowered by acting on the left with the
antisymmetric symbols εαβ , εαβ, which are normalized so that ε
12 = ε21 = 1. When spinor
indices are omitted, all spinor products are to be read as follows:
ψχ = ψαχα . (A.1)
The Hermitian conjugate spinor ψ†, which also transforms as a doublet of SU(2), is defined
with the following index structure: (
ψ†
)α
= (ψα) , (A.2)
where the bar denotes complex conjugation. On anti-commuting spinors, we take Her-
mitian conjugation to be order reversing. We use ψ, ψ˜ to denote spinors that would be
conjugate in Lorentzian signature. In Euclidean signature, they are independent.
The gamma matrices are given by
(γµ)α
β
= (σ3,−σ1,−σ2) , (A.3)
where σ1, σ2, σ3 are the Pauli matrices. They satisfy the following identities:
γµγν = δµν + iεµνργρ ,(
γµ
)
αβ
(
γµ
)
κλ
= −(εακεβλ + εαλεβκ) . (A.4)
The N = 2 anti-commuting superspace coordinates are denoted by θα, θ˜α, and the
supercovariant derivatives are given by
Dα =
∂
∂θα
− i(γµθ˜)α∂µ , D˜α = − ∂
∂θ˜α
+ i(γµθ)α∂µ . (A.5)
We also define the superspace integrals∫
d2θ θ2 = 1 ,
∫
d2θ˜ θ˜2 = 1 ,
∫
d4θ θ2θ˜2 = 1 . (A.6)
A.2. Differential Geometry
Lowercase Greek letters µ, ν, . . . denote curved indices, while lowercase Latin let-
ters a, b, . . . denote frame indices. Given a Riemannian metric gµν , we can define an
orthonormal frame eaµ,
gµν = δabe
a
µe
b
ν , g
µνeaµe
b
ν = δ
ab . (A.7)
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We will also denote g = |det(gµν)|. The spin connection corresponding to the Levi-Civita
connection ∇µ is given by
ωµa
b = ebν∇µeνa . (A.8)
The Riemann tensor takes the form
Rµνa
b = ∂µωνa
b − ∂νωµab + ωνacωµcb − ωµacωνcb . (A.9)
The Ricci tensor is defined by Rµν = Rµρν
ρ, and R = Rµ
µ is the Ricci scalar. In these
conventions, the Ricci scalar is negative on a round sphere, i.e. R = −6 for the round unit
sphere. In three dimensions the Weyl tensor vanishes, so that
Rµνρλ = Rµρgνλ −Rµλgνρ −Rνρgµλ +Rνλgµρ − 1
2
R (gµρgνλ − gµλgνρ) . (A.10)
The covariant derivative of a spinor ψ is given by
∇µψ =
(
∂µ − i
4
ωµabε
abcγc
)
ψ , (A.11)
so that
εµνρ[∇ν ,∇ρ]ψ = i
2
(2Rµν −Rgµν)γνψ . (A.12)
The Lie derivative of ψ along a vector X = Xµ∂µ is given by [53],
LXψ = Xµ∇µψ + i
4
(∇µXν)εµνργρψ . (A.13)
On tensors, the Lie derivative is defined as usual. For instance, the Lie derivative of Φµν
along ηµ in (4.7) is given by
LηΦµν = ηρ∇ρΦµν −∇ρηµΦρν +∇νηρΦµρ . (A.14)
Appendix B. Almost Contact Structures
In this appendix we review some properties of almost contact (metric) structures in
three dimensions. (For additional background, see for instance [54].) We also introduce
a family of connections that are compatible with a given almost contact metric struc-
ture (ACMS). Finally, we study the consequences of the integrability condition (4.7).
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B.1. Basic Definitions
Given a nowhere vanishing one-form ηµ, a vector field ξ
µ, and a (1, 1) tensor Φµν on
an orientable three-manifold M, the triple (η, ξ,Φ) defines an almost contact structure, if
the following conditions are satisfied:
ηµξ
µ = 1 , ΦµρΦ
ρ
ν = −δµν + ξµην . (B.1)
The endomorphism Φ has rank two, and its left and right kernels are generated by η
and ξ, respectively: if Xµ satisfies ΦµνX
ν = 0, then it is proportional to ξµ, and if Ωµ
satisfies ΩµΦ
µ
ν = 0, then it is proportional to ηµ.
The vectors orthogonal to ηµ define a sub-bundle D of the tangent bundle. Then Φ
induces an almost complex structure J = Φ|D on D, i.e. J2 = Φ2|D = −1. (In this
sense, an almost contact structure is the three-dimensional analogue of an almost complex
structure.) We can use J to split D into holomorphic and anti-holomorphic vectors. This
can also be expressed directly in terms of Φ: a vector Xµ is holomorphic if and only
if ΦµνX
ν = iXν . Similarly, a one-form Ωµ is holomorphic if and only if ΩµΦ
µ
ν = iΩν .
If the manifold M is endowed with a Riemannian metric gµν , we say that the almost
contact structure (η, ξ,Φ) is compatible with gµν if the following conditions hold:
ξµ = ηµ , gρλΦ
ρ
µΦ
λ
ν = gµν − ηµην . (B.2)
This defines an almost contact metric structure (ACMS) on M. The existence of such a
structure is equivalent to a reduction of the structure group of the tangent bundle to U(1).
On an orientable three-manifold, an ACMS is equivalent to a choice of metric and a nowhere
vanishing one-form ηµ. In this case, there is a choice of orientation such that ξ
µ = ηµ
and Φµν = ε
µ
νρη
ρ satisfy (B.1) and (B.2). This shows that every orientable Riemannian
three-manifold admits a metric-compatible almost contact structure.
B.2. Compatible Connections
Given an ACMS, it is convenient to introduce a compatible connection ∇̂µ [55]. In
three dimensions, it is sufficient to impose ∇̂µgνρ = 0 and ∇̂µην = 0. In general, a con-
nection ∇̂µ is metric compatible if and only if its connection coefficients can be expressed
in terms of gµν and the contorsion tensor K
µ
νρ,
Γ̂µνρ =
1
2
gµλ (∂νgρλ + ∂ρgνλ − ∂λgνρ) +Kµνρ , Kµνρ = −Kρνµ . (B.3)
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When the contorsion vanishes, we recover the Levi-Civita connection ∇µ. The spin con-
nection corresponding to ∇̂µ is given by
ω̂µνρ = ωµνρ −Kνµρ . (B.4)
The most general metric-compatible connection that also satisfies ∇̂µην = 0 has con-
torsion
Kµνρ = ηµ∇νηρ − ηρ∇νηµ − 2WνΦµρ , (B.5)
where Wν is any smooth one-form. Since this connection preserves the ACMS defined
by ηµ, its holonomy is contained in U(1). When ηµ is given in terms of a spinor ζ as
in (3.3), the covariant derivative ∇̂µζ is given by
∇̂µζ =
(∇µ − iWµ)ζ − 1
2
(∇µην)γνζ . (B.6)
Here we have not assumed that ζ satisfies the Killing spinor equation (1.4). In section 4
we choose the one-form Wµ as follows:
Wµ = −1
4
ηµε
νρλην∂ρηλ . (B.7)
B.3. Integrability Condition
Here we study the integrability condition (4.7),
Φµν
(LξΦνρ) = 0 . (B.8)
Even though we arrived at this condition via (4.6), which requires a metric, the condi-
tion (B.8) only depends on the almost contact structure (η, ξ,Φ). Given a holomorphic
one-form Ωµ, such that ΩµΦ
µ
ν = iΩν , we can take the Lie derivative along ξ and use (B.8)
to obtain
(LξΩµ)Φµν = iLξΩν . (B.9)
This shows that LξΩµ is also a holomorphic one-form.
We will now show that there are local coordinates (τ, z, z), which are adapted to the
almost contact structure, so that ξ = ∂τ and Ω = Ωzdz. The existence of such adapted
coordinates constitutes a three-dimensional analogue of [56]. Since ξ is nowhere vanishing,
we can always choose coordinates x1 = τ, x2, x3 such that ξ = ∂τ . Moreover, ξ
µΩµ = 0, so
that Ω = Ω2dx
2 +Ω3dx
3. We define the complex ratio function ρ = Ω2Ω3 , which is smooth,
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non-vanishing, and does not depend on the choice of Ωµ, i.e. it is determined in terms
of Φµν . Therefore, the holomorphic one-forms Ωµ and LξΩµ have identical ratio functions,
which implies that ∂τρ = 0. It follows from classical theorems in the theory of linear
partial differential equations (see for example [57], chapter I and [58], chapter 4, §8) that
there exist complex coordinates z(x2, x3) such that ∂2 − ρ(x2, x3)∂3 = λ(z, z)∂z for some
non-vanishing λ(z, z). Hence, there is a function Ωz(τ, z, z), such that Ω = Ωzdz.
We have thus shown that (B.8) implies the existence of an adapted cover for M,
with charts (τ, z, z), such that ξ = ∂τ and holomorphic one-forms are proportional to dz.
Two overlapping adapted charts (τ, z, z) and (τ ′, z′, z′) are related by τ ′ = τ + t(z, z)
and z′ = f(z), where t(z, z) is real and f(z) is holomorphic.
Conversely, ifM can be covered by adapted charts, it admits an ACMS satisfying the
integrability condition (B.8). In (τ, z, z) coordinates, we have14
Φzz = −Φzz = i , Φzz = Φzz = 0 , (B.10)
from which (B.8) follows. Moreover, we can use adapted coordinates to rewrite (B.8) in
terms of the almost complex structure J induced on D in the following intuitive way:
∂τJ = 0 . (B.11)
So far our discussion of the integrability condition (B.8) has not involved the metric.
If (η, ξ,Φ) are part of an ACMS, the compatible metric in adapted coordinates takes the
following form:
ds2 =
(
dτ + h(τ, z, z)dz + h(τ, z, z)dz
)2
+ c(τ, z, z)2dzdz . (B.12)
We conclude with several comments:
1.) Given any almost contact structure (η, ξ,Φ), we can find coordinates x1 = τ, x2, x3
such that ξ = ∂τ . However, a compatible metric cannot always be put into the
form (B.12). Instead, the most general such metric takes the form
ds2 =
(
dτ + hidx
i
)2
+ g
(2)
ij dx
idxj , (B.13)
14 Here we choose the orientation on M such that ετzz = ig−
1
2 .
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where i, j = 2, 3 and hi, g
(2)
ij are functions of τ, x
2, x3. The integrability condition (B.8)
implies the existence of a complex function z(x2, x3), such that
g
(2)
ij (τ, x
2, x3)dxidxj = c(τ, z, z)2dzdz . (B.14)
2.) Given any metric, we can choose local coordinates such that
ds2 =
(
dx1 + hidx
i
)2
+ c(x1, x2, x3)2
(
(dx2)2 + (dx3)2
)
, (B.15)
but in general ξ 6= ∂1. Locally, we can define a new, compatible almost contact struc-
ture ξ′ = ∂1, which satisfies the integrability condition (B.8). Therefore, this condition
does not restrict the metric locally. However, there may be global obstructions that
prevent us from extending ξ′ to a globally well-defined almost contact structure onM.
This should be contrasted with the four-dimensional case discussed in [27], where the
metric is locally restricted by the condition that M be a Hermitian manifold.
3.) We would like to point out the relation of (B.8) to the standard condition of normality
for almost contact structures (see for instance [54]). In three dimensions, normality is
equivalent to LξΦµν = 0, which is considerably stronger than (B.8).
Appendix C. The Rigid Limit of Four-Dimensional New Minimal Supergravity
Here we briefly summarize the key formulas describing four-dimensional N = 1 theo-
ries with a U(1)R symmetry in curved superspace [30], i.e. the rigid limit of new minimal
supergravity in four-dimensions [37,38]. We follow the conventions of [27], except that we
use uppercase Latin letters M,N, . . . to denote four-dimensional curved indices.
In four dimensions, the bosonic fields in the new minimal supergravity multiplet are
the metric GMN , the R-symmetry gauge field AM , and a covariantly conserved vector V
M .
The Killing spinor equations that govern the rigid limit are given by
(∇M − iAM )ζ = −iVM ζ − iV NσMNζ ,
(∇M + iAM )ζ˜ = iVM ζ˜ + iV N σ˜MN ζ˜ .
(C.1)
These equations were thoroughly studied in [26,27], where it was shown that a solution
exists on any Hermitian manifold.
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The transformation rules for a general multiplet (C, χα, χ˜
α˙,M, M˜,AM , λα, λ˜α˙, D)
of R-charge r take the following form:
δC = iζχ− iζ˜χ˜ ,
δχ = ζM + σM ζ˜ (iAM +DMC) ,
δχ˜ = ζ˜M˜ + σ˜Mζ (iAM −DMC) ,
δM = 2ζ˜λ˜+ 2iDM (ζ˜ σ˜
Mχ) ,
δM˜ = 2ζλ+ 2iDM (ζσ
M χ˜) ,
δAM = i(ζσM λ˜+ ζ˜ σ˜Mλ) +DM (ζχ+ ζ˜χ˜) ,
δλ = iζD + 2σMNζ DMAN ,
δλ˜ = −iζ˜D + 2σ˜MN ζ˜ DMAN ,
δD = −DM (ζσM λ˜− ζ˜ σ˜Mλ) + 2iVM (ζσM λ˜+ ζ˜ σ˜Mλ)
+
ir
4
(R − 6VMVM )(ζχ+ ζ˜χ˜) ,
(C.2)
where DM = ∂M − irAM . The supersymmetry algebra is given by
{δζ , δζ˜}ϕr = 2iL
(A)
K ϕr , K
M = ζσM ζ˜ ,
{δζ , δη}ϕr = 0 , {δζ˜ , δη˜}ϕr = 0 ,
(C.3)
where ϕr is any field of R-charge r and L(A)K = LK − irKMAM the R-covariant Lie
derivative. In order to verify that the transformations (C.2) satisfy the algebra (C.3), we
must use the fact that the spinor parameters satisfy the Killing spinor equations (C.1).
Appendix D. Twisted Reduction to Three Dimensions
In this appendix, we formally obtain any three-dimensional supersymmetric back-
ground, as well as the supersymmetry algebra and superfield transformation laws, by a
twisted reduction from four dimensions.
D.1. Review of Twisted Dimensional Reduction
Here we closely follow [59]. We use upper- and lowercase symbols for four- and three-
dimensional quantities, respectively. When there is potential for confusion, we designate
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a three-dimensional quantity using a superscript ‘(3)’. Curved and frame indices are de-
noted by M,N, . . ., µ, ν, . . . and A,B, . . ., a, b, . . ., respectively. Consider four-dimensional
coordinates
XM = (x1, y, x2, x3) . (D.1)
We will perform the reduction along the y-coordinate. In our conventions,
σa
αβ˙
= γaαβ , σ
2
αβ˙
= iεαβ , (σ˜
a)β˙α = (γa)βα , (σ˜2)β˙α = iεβα . (D.2)
Consider a four-dimensional metric with Killing vector Y = ∂y,
dS2 = GMN (x)dX
MdXN =
(
dy + cµ(x)dx
µ
)2
+ gµν(x)dx
µdxν , (D.3)
which describes a non-trivial fibration of the y-coordinate over a three-manifold with met-
ric ds2 = gµνdx
µdxν . The inverse metric is given by
Gµν = gµν , Gyµ = −gµνcν , Gyy = 1 + gµνcµcν , (D.4)
where gµν is the inverse of gµν . After choosing a three-dimensional frame e
a
µ with inverse e
µ
a ,
we define the four-dimensional frame EAM and its inverse E
M
A ,
EAM =
(
eaµ cµ
0 1
)
, EMA =
(
eµa −eµacµ
0 1
)
. (D.5)
Here the last row and column of EAM correspond to M = y and A = 2, respectively. Note
that det(EAM ) = det(e
a
µ), so that det(GMN ) = det(gµν). The spin connections ΩMAB
and ωµab are then related as follows:
Ωµab = ωµab +
1
2
cµe
ν
ae
ρ
b(∂νcρ − ∂ρcν) ,
Ωµ2b =
1
2
eνb (∂µcν − ∂νcµ) ,
Ωyab =
1
2
eνae
ρ
b (∂νcρ − ∂ρcν) ,
Ωy2b = 0 .
(D.6)
The form of the metric (D.3) is invariant under infinitesimal four-dimensional diffeo-
morphisms generated by a vector field ΞM (x) that is invariant along Y , i.e. [Y,Ξ] = 0.
We distinguish between three-dimensional diffeomorphisms parametrized by Ξµ(x), under
which gµν , cµ, e
a
µ, and e
µ
a transform as three-tensors, and diffeomorphisms parametrized
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by Λ(c)(x) = Ξy(x), under which gµν , e
a
µ, and e
µ
a are invariant, but cµ transforms as a
gauge field,
δcµ = ∂µΛ
(c)(x) . (D.7)
This identifies cµ as the graviphoton.
Given a four-dimensional vector UM (x) that is invariant along Y , so that [Y, U ] = 0, we
can define a three-dimensional vector uµ(x) = Uµ(x) and scalar u = Uy+Uµcµ. Similarly,
given a four-dimensional one-form WM (x) that satisfies LYW = 0, we can construct a
three-dimensional one-form wµ =Wµ−Wycµ and scalar w =Wy. These rules apply to all
tensor indices. For gauge fields, we take the gauge parameters to be invariant along Y .
Consider a y-dependent four-dimensional scalar field Φ(x, y),
Φ(x, y) = eizyφ(x) . (D.8)
This means that Φ has central charge z under graviphoton gauge transformations (D.7).
Upon reduction to three dimensions, the derivative WM = ∂MΦ automatically becomes
gauge covariant, so that wµ = (∂µ− izcµ)Φ and w = izΦ. We will also need the derivatives
of spinors χα, χ˜
α˙ with central charge z,
∇µχ = ∇(3)µ χ+
1
4
εµνρv
νγρχ+
1
4
cµv
νγνχ , ∇yχ = izχ + 1
4
vµγµχ ,
∇µχ˜ = ∇(3)µ χ˜−
1
4
εµνρv
νγρχ˜+
1
4
cµv
νγνχ˜ , ∇yχ˜ = izχ˜ + 1
4
vµγµχ˜ .
(D.9)
Here ∇(3)µ is the Levi-Civita connection corresponding to the three-dimensional metric gµν
and vµ is the dual graviphoton field strength,
vµ = −iεµνρ∂νcρ , ∇(3)µ vµ = 0 . (D.10)
Finally, we will need the four-dimensional Ricci scalar R in terms of R(3) and vµ,
R = R(3) − 1
2
vµvµ . (D.11)
D.2. Reduction of the Killing Spinor Equation
Starting with the rigid limit of four-dimensional new minimal supergravity reviewed
in appendix C, we re-derive the three-dimensional Killing spinor equations (1.4) and (1.5)
(see also [26]).
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Consider a four-dimensional spinor ζ that satisfies the first equation in (C.1),
(∇M − iAM )ζ = −iVM − iV NσMNζ . (D.12)
Since AM , VM , and ζ do not carry central charge, we assume that they are invariant
along Y , so that ∇(3)µ V µ = 0 and ζ(x) does not depend on y in the frame (D.5).
We can now use (D.9) to obtain the M = y component of (D.12),
1
4
vµγµζ = i(Ay − Vy)ζ + 1
2
V µγµζ , (D.13)
where vµ is the dual graviphoton field strength defined in (D.10). In order to satisfy this
equation without imposing additional restrictions on ζ, we set
H = Ay = Vy , V
µ =
1
2
vµ . (D.14)
The M = µ component of (D.12) then takes the form
∇(3)µ ζ = i(aµ − vµ)ζ −
1
2
Hγµζ − 1
2
εµνρv
νγρζ , (D.15)
where we have defined the three-dimensional R-symmetry gauge field aµ via
Aµ = aµ − 1
2
vµ . (D.16)
With these definitions, the equation (D.15) is identical to the Killing spinor equation (1.4).
It is straightforward to carry out the reduction for a four-dimensional spinor ζ˜ that
satisfies the second equation in (C.1). This leads to the same rules (D.14) and (D.16)
for the reduction of the supergravity background fields. Therefore, any supersymmetric
background in four dimensions formally leads to a three-dimensional background that
preserves the same number of supercharges. However, as we saw in section 4, the three-
dimensional graviphoton that is needed to solve (D.15) is generally complex, while the
graviphoton obtained from the four-dimensional metric is necessarily real. Therefore, we
must carry out the reduction before complexifying the graviphoton.
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D.3. Reduction of the Supersymmetry Transformations
We start with the transformation rules (C.2) for a four-dimensional multiplet of R-
charge r. We assign central charge z to all fields in the multiplet by taking their y-
dependence to be eizy. If we define aµ = Aµ, σ = Ay, D(3) = D − σH, we obtain the
following three-dimensional supersymmetry transformation rules:
δC = iζχ+ iζ˜χ˜ ,
δχ = ζM − ζ˜ (σ + (z − rH)C)− γµζ˜(D(3)µ C + iaµ) ,
δχ˜ = ζ˜M˜ − ζ (σ − (z − rH)C)− γµζ(D(3)µ C − iaµ) ,
δM = −2ζ˜ λ˜+ 2i (z − (r − 2)H) ζ˜χ− 2iD(3)µ
(
ζ˜γµχ
)
,
δM˜ = 2ζλ− 2i (z − (r + 2)H) ζχ˜− 2iD(3)µ
(
ζγµχ˜
)
,
δaµ = −i
(
ζγµλ˜+ ζ˜γµλ
)
+D(3)µ
(
ζχ− ζ˜χ˜) ,
δσ = −ζλ˜+ ζ˜λ+ i (z − rH) (ζχ− ζ˜χ˜) ,
δλ = iζ
(
D(3) + σH
)− iεµνργρζ D(3)µ aν − γµζ((z − rH)aµ + iD(3)µ σ − vµσ) ,
δλ˜ = −iζ˜(D(3) + σH)− iεµνργρζ˜ D(3)µ aν + γµζ˜((z − rH)aµ + iD(3)µ σ + vµσ) ,
δD(3) = D(3)µ
(
ζγµλ˜− ζ˜γµλ)− ivµ(ζγµλ˜+ ζ˜γµλ)
−H(ζλ˜− ζ˜λ)+ (z − rH)(ζλ˜+ ζ˜λ− iH(ζχ− ζ˜χ˜))
+
ir
4
(
R(3) − 2vµvµ − 6H2
)(
ζχ− ζ˜χ˜) ,
(D.17)
where
D(3)µ = ∇(3)µ − ir
(
aµ − 1
2
vµ
)
− izcµ . (D.18)
We have thus recovered the transformation rules (6.5).
Similarly, the algebra satisfied by the transformation rules (D.17) is the dimensional
reduction of the four-dimensional algebra (C.3),
{δζ , δζ˜}ϕ(r,z) = −2i
(L′Kϕ(r,z) + ζζ˜ (z − rH)ϕ(r,z)) , Kµ = ζγµζ˜ ,
{δζ , δη}ϕ(r,z) = 0 , {δζ˜ , δη˜}ϕ(r,z) = 0 ,
(D.19)
in perfect agreement with (6.1). Here L′K is the twisted Lie derivative defined in (6.2).
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